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✸✳✷ ■❞❡♥6✐❞❛❞❡- ❞❡ H ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
✸✳✸ #♦❧✐♥:♠✐♦- ❈❡♥6+❛✐- ❞❡ H ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺
✹ ➪❧❣❡❜$❛ ❞❡ ●$❛22♠❛♥♥ ♥)♦✲✉♥✐#:$✐❛ ❞❡ ❞✐♠❡♥2)♦ ✜♥✐#❛ ✹✺
✹✳✶ ■❞❡♥6✐❞❛❞❡- Z2✲❣+❛❞✉❛❞❛- ❞❡ Hn ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺
✹✳✷ ■❞❡♥6✐❞❛❞❡- ❞❡ H2n ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾
✹✳✸ ■❞❡♥6✐❞❛❞❡- ❞❡ H2n−1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸




❆ !❧❣❡❜&❛ ❞❡ ●&❛**♠❛♥♥ ❛♣❛&❡❝❡ ♥❛/✉&❛❧♠❡♥/❡ ❡♠ ♠✉✐/♦* ❝❛♠♣♦* ❞❛ ♠❛/❡♠!/✐❝❛ ❡
❞❛ ❢4*✐❝❛✳ ❊❧❛ 7 ♠✉✐/♦ ✐♠♣♦&/❛♥/❡ ♥❛ /❡♦&✐❛ ❞❡ !❧❣❡❜&❛* ❝♦♠ ✐❞❡♥/✐❞❛❞❡* ♣♦❧✐♥♦♠✐❛✐* ✭9■✲
!❧❣❡❜&❛*✮✳ ▼❛✐* ♣&❡❝✐*❛♠❡♥/❡✱ *❡❥❛♠ X ✉♠ ❝♦♥❥✉♥/♦ ✐♥✜♥✐/♦ ❡♥✉♠❡&!✈❡❧✱ K ✉♠ ❝♦&♣♦
❡ K〈X〉 ❛ !❧❣❡❜&❛ ❧✐✈&❡ ♥B♦ ✉♥✐/!&✐❛ *♦❜&❡ K✱ ❧✐✈&❡♠❡♥/❡ ❣❡&❛❞❛ ♣♦& X✳ ❉❛❞❛ ✉♠❛ K✲
!❧❣❡❜&❛ R✱ ❞✐③❡♠♦* E✉❡ ✉♠ ♣♦❧✐♥F♠✐♦ f(x1, . . . , xn) ❞❡ K〈X〉 7 ✉♠❛ ✐❞❡♥/✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧
♣❛&❛ R *❡ f(a1, . . . , an) = 0 ♣❛&❛ /♦❞♦* a1, . . . , an ∈ R✳ ❙❡ ❛ !❧❣❡❜&❛ R *❛/✐*❢❛③ ✉♠❛
✐❞❡♥/✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♥B♦✲/&✐✈✐❛❧✱ ❞✐③❡♠♦* E✉❡ R 7 ✉♠❛ 9■✲!❧❣❡❜&❛✳ 9❛&❛ ✉♠❛ ✐♥/&♦❞✉HB♦
I 9■✲/❡♦&✐❛✱ ✈❡&✱ ♣♦& ❡①❡♠♣❧♦✱ ❬✶✵✱ ✶✶✱ ✶✸✱ ✷✵✱ ✷✷✱ ✷✾❪✳
❉❛❞❛ ✉♠❛ K✲!❧❣❡❜&❛ R✱ ✉♠❛ ❞❛* ✐♠♣♦&/❛♥/❡* E✉❡*/R❡* ❞❛ 9■✲/❡♦&✐❛ 7 ❞❡*❝&❡✈❡& ❛*
✐❞❡♥/✐❞❛❞❡* ❞❡ R✳ ❖✉/&❛ E✉❡*/B♦ 7 *❛❜❡& *❡ R ♣♦**✉✐ ✉♠❛ ❜❛*❡ ✜♥✐/❛ ♣❛&❛ *✉❛* ✐❞❡♥/✐❞❛✲
❞❡* ♣♦❧✐♥♦♠✐❛✐*✳ 9❛&❛ !❧❣❡❜&❛* *♦❜&❡ ✉♠ ❝♦&♣♦ K ❞❡ ❝❛&❛❝/❡&4*/✐❝❛ ③❡&♦✱ ❡**❡ ♣&♦❜❧❡♠❛
❢♦✐ ♣&♦♣♦*/♦ ♣♦& ❙♣❡❝❤/ ❬✸✸❪✳ ❯♠ ❢❛♠♦*♦ &❡*✉❧/❛❞♦ ❞❡ ❑❡♠❡& ❬✷✶❪✱ ❬✷✸❪ ✭✈❡& /❛♠❜7♠
❬✷✷❪✮ ❞❡✉ ✉♠❛ *♦❧✉HB♦ ❛✜&♠❛/✐✈❛ ♣❛&❛ ♦ ♣&♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤/ ✭♣❛&❛ !❧❣❡❜&❛* *♦❜&❡ ✉♠
❝♦&♣♦ ❞❡ ❝❛&❛❝/❡&4*/✐❝❛ ③❡&♦✮✳ 9♦& ♦✉/&♦ ❧❛❞♦✱ ♣❛&❛ !❧❣❡❜&❛* ❛**♦❝✐❛/✐✈❛* *♦❜&❡ ✉♠ ❝♦&♣♦
K ❞❡ ❝❛&❛❝/❡&4*/✐❝❛ p > 0✱ ♦ ❛♥!❧♦❣♦ ❞♦ ♣&♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤/ /❡♠ *♦❧✉HB♦ ♥❡❣❛/✐✈❛✱ ♦✉
*❡❥❛✱ ❡①✐*/❡♠ !❧❣❡❜&❛* *♦❜&❡ K ❝✉❥❛* ✐❞❡♥/✐❞❛❞❡* ♣♦❧✐♥♦♠✐❛✐* ♥B♦ ♣♦**✉❡♠ ♥❡♥❤✉♠❛ ❜❛*❡
✜♥✐/❛✳ ■**♦ ❢♦✐ ❞❡♠♦♥*/&❛❞♦ ❡♠ ✶✾✾✾✱ ✐♥❞❡♣❡♥❞❡♥/❡♠❡♥/❡ ♣♦& ❇❡❧♦✈ ❬✺❪✱ ●&✐*❤✐♥ ❬✶✻❪ ❡
❙❤❝❤✐❣♦❧❡✈ ❬✸✶❪ ✭✈❡& /❛♠❜7♠ ❬✹❪✱ ❬✶✽❪✱ ❬✸✷❪✮✳ ◆♦ ❝❛*♦ ❡♠ E✉❡ K /❡♠ ❝❛&❛❝/❡&4*/✐❝❛ p > 2✱
❛* ❞❡♠♦♥*/&❛HR❡* ❢♦&❛♠ ❜❛*❡❛❞❛* ♥♦ &❡*✉❧/❛❞♦ ❞❡ ❙❤❝❤✐❣♦❧❡✈ ❬✸✵❪ *♦❜&❡ T ✲*✉❜❡*♣❛H♦* ♥B♦
✜♥✐/❛♠❡♥/❡ ❣❡&❛❞♦* ❡♠ !❧❣❡❜&❛* E✉❡ *❛/✐*❢❛③❡♠ ❛* ✐❞❡♥/✐❞❛❞❡* ❞❛ !❧❣❡❜&❛ ❞❡ ●&❛**♠❛♥♥
✉♥✐/!&✐❛ E ❞❡ ❞✐♠❡♥*B♦ ✐♥✜♥✐/❛✳ ▼❛✐* ❛✐♥❞❛✱ ❝♦♠♦ ❢♦✐ ❞❡*❝♦❜❡&/♦ ❞❡♣♦✐* ❡♠ ❬✶❪✱ ❬✻❪ ❡
❬✶✼❪✱ ♦ &❡*✉❧/❛❞♦ ❞❡ ❙❤❝❤✐❣♦❧❡✈ 7 ❡E✉✐✈❛❧❡♥/❡ ❛♦ ❢❛/♦ ❞❡ E✉❡ ♦ T ✲*✉❜❡*♣❛H♦ ❞❡ ♣♦❧✐♥F♠✐♦*
❝❡♥/&❛✐* ❞❛ !❧❣❡❜&❛ E ♥B♦ 7 ✜♥✐/❛♠❡♥/❡ ❣❡&❛❞♦✳
✶✵
▲❛$②&❤❡✈ ❬✷✻❪ ♣/♦✈♦✉ 2✉❡ &♦❜/❡ ✉♠ ❝♦/♣♦ ❞❡ ❝❛/❛❝$❡/7&$✐❝❛ ③❡/♦✱ ♦ T ✲✐❞❡❛❧ ❞❛ =❧❣❡❜/❛
❛&&♦❝✐❛$✐✈❛ ❧✐✈/❡ ✉♥✐$=/✐❛ K1〈X〉 ❣❡/❛❞♦ ♣♦/ [x1, x2, x3] $❡♠ ✉♠❛ ❜❛&❡ ✜♥✐$❛✳ ❊♠ ❬✷✺❪✱
❑/❛❦♦✇&❦✐ ❡ ❘❡❣❡✈ ❡♥❝♦♥$/❛/❛♠ ✉♠❛ ❜❛&❡ ♣❛/❛ ❛& ✐❞❡♥$✐❞❛❞❡& ❞❛ =❧❣❡❜/❛ ❞❡ ●/❛&&♠❛♥♥
✉♥✐$=/✐❛ E ❞❡ ❞✐♠❡♥&I♦ ✐♥✜♥✐$❛ &♦❜/❡ ✉♠ ❝♦/♣♦ ❞❡ ❝❛/❛❝$❡/7&$✐❝❛ ③❡/♦✳ ❊❧❡& ♠♦&$/❛/❛♠
2✉❡ ❛& ✐❞❡♥$✐❞❛❞❡& ❞❛ =❧❣❡❜/❛ ❞❡ ●/❛&&❛♠♥♥ E &♦❜/❡ $❛❧ ❝♦/♣♦ &❡❣✉❡♠ ❞♦ ❝♦♠✉$❛❞♦/
[x1, x2, x3]✳ ❖❜&❡/✈❛♠♦& 2✉❡ ❛& ✐❞❡♥$✐❞❛❞❡& ❞❛ =❧❣❡❜/❛ ❞❡ ●/❛&&♠❛♥♥ ♥I♦✲✉♥✐$=/✐❛ ❞❡
❞✐♠❡♥&I♦ ✐♥✜♥✐$❛ &♦❜/❡ ✉♠ ❝♦/♣♦ ❞❡ ❝❛/❛❝$❡/7&$✐❝❛ ③❡/♦ $❛♠❜K♠ &❡❣✉❡♠ ❞♦ ❝♦♠✉$❛❞♦/
[x1, x2, x3]✳ L❛/❛ ❛ =❧❣❡❜/❛ ❞❡ ●/❛&&♠❛♥♥ ✉♥✐$=/✐❛ ❞❡ ❞✐♠❡♥&I♦ ✐♥✜♥✐$❛ &♦❜/❡ ✉♠ ❝♦/♣♦
✐♥✜♥✐$♦ ❞❡ ❝❛/❛❝$❡/7&$✐❝❛ p > 2✱ ✈=/✐♦& ❛✉$♦/❡& ✭✈❡/✱ ♣♦/ ❡①❡♠♣❧♦✱ ●✐❛♠❜/✉♥♦ ❡ ❑♦&❤❧✉❦♦✈
❬✶✷❪✮ ♠♦&$/❛/❛♠ 2✉❡ $♦❞❛ ✐❞❡♥$✐❞❛❞❡ &❡❣✉❡ ❞♦ ❝♦♠✉$❛❞♦/ [x1, x2, x3]✳ ❇❡❦❤✲❖❝❤✐/ ❡ ❘❛♥✲
❦✐♥✱ ❡♠ ❬✸❪✱ ❡&$✉❞❛/❛♠ ❛& ✐❞❡♥$✐❞❛❞❡& ❞❛ =❧❣❡❜/❛ E ❞❡ ❞✐♠❡♥&I♦ ✐♥✜♥✐$❛ &♦❜/❡ ✉♠ ❝♦/♣♦
✜♥✐$♦✳ ◆❡&&❡ ❝❛&♦✱ ❛& ✐❞❡♥$✐❞❛❞❡& ❞❛ =❧❣❡❜/❛ ❞❡ ●/❛&&♠❛♥♥ &❡❣✉❡ ❞♦ ❝♦♠✉$❛❞♦/ [x1, x2, x3]
❡ ❞♦ ♣♦❧✐♥S♠✐♦ xpq1 −x
p
1✱ ♦♥❞❡ p ❡ q &I♦ ❛ ❝❛/❛❝$❡/7&$✐❝❛ ❡ ♦ ♥T♠❡/♦ ❞❡ ❡❧❡♠❡♥$♦& ❞♦ ❝♦/♣♦✱
/❡&♣❡❝$✐✈❛♠❡♥$❡✳ ❊♠ ❬✸✹❪ ❙$♦❥❛♥♦✈❛✲❱❡♥❦♦✈❛ ❡①✐❜✐✉ ✉♠❛ ❜❛&❡ ♣❛/❛ ❛& ✐❞❡♥$✐❞❛❞❡& ❞❛
=❧❣❡❜/❛ ❞❡ ●/❛&&♠❛♥♥ ♥I♦✲✉♥✐$=/✐❛ ❞❡ ✉♠ ❡&♣❛Y♦ ✈❡$♦/✐❛❧ ❞❡ ❞✐♠❡♥&I♦ ✜♥✐$❛ &♦❜/❡ ✉♠
❝♦/♣♦ ❞❡ ❝❛/❛❝$❡/7&$✐❝❛ ♣/✐♠❛✳ ❈❤✐/✐♣♦✈ ❡ ❙✐❞❡/♦✈ ❡♠ ❬✽❪ ❡♥❝♦♥$/❛/❛♠ ✉♠❛ ❜❛&❡ ♣❛/❛ ❛&
✐❞❡♥$✐❞❛❞❡& ❞❛ =❧❣❡❜/❛ ❞❡ ●/❛&&♠❛♥♥ ♥I♦ ✉♥✐$=/✐❛ ❞❡ ❞✐♠❡♥&I♦ ✐♥✜♥✐$❛ H &♦❜/❡ ✉♠ ❝♦/♣♦
❞❡ ❝❛/❛❝$❡/7&$✐❝❛ p > 2✳ ❊&&❛ ❜❛&❡ K ❢♦/♠❛♥❞❛ ♣❡❧♦& ♣♦❧✐♥S♠✐♦& [x1, x2, x3] ❡ x
p
1✳ ❊♠ ❬✻❪✱
❬✷❪ ❡ ❬✶✼❪✱ ✐♥❞❡♣❡♥❞❡♥$❡♠❡♥$❡✱ ❢♦/❛♠ ❞❡&❝/✐$♦& ♦& ♣♦❧✐♥S♠✐♦& ❝❡♥$/❛✐& ♣❛/❛ ❛ =❧❣❡❜/❛ ❞❡
●/❛&&♠❛♥♥ ✉♥✐$=/✐❛ ❡ ♥I♦✲✉♥✐$=/✐❛ ❞❡ ❞✐♠❡♥&I♦ ✐♥✜♥✐$❛ &♦❜/❡ ✉♠ ❝♦/♣♦ ❞❡ ❝❛/❛❝$❡/7&$✐❝❛
❞✐❢❡/❡♥$❡ ❞❡ 2✳
❖❜&❡/✈❛♠♦& 2✉❡ ❢♦/❛♠ ♣✉❜❧✐❝❛❞♦& ✈=/✐♦& $/❛❜❛❧❤♦& &♦❜/❡ ❛& ✐❞❡♥$✐❞❛❞❡& ❡ ♦& ♣♦❧✐♥S✲
♠✐♦& ❝❡♥$/❛✐& ❞❛ =❧❣❡❜/❛ ❞❡ ●/❛&&♠❛♥♥ ✉♥✐$=/✐❛ ❡ ❛&&✉♥$♦& /❡❧❛❝✐♦♥❛❞♦&✱ ✈❡/✱ ♣♦/ ❡①❡♠♣❧♦✱
❬✶✱ ✷✱ ✸✱ ✻✱ ✼✱ ✶✷✱ ✶✹✱ ✶✺✱ ✶✼✱ ✶✾✱ ✷✺✱ ✷✽✱ ✸✻❪✳ L♦/ ♦✉$/♦ ❧❛❞♦✱ ❛& ✐❞❡♥$✐❞❛❞❡& ♣♦❧✐♥♦♠✐❛✐& ❡ ♦&
♣♦❧✐♥S♠✐♦& ❝❡♥$/❛✐& ❞❛ =❧❣❡❜/❛ ❞❡ ●/❛&&♠❛♥♥ ♥I♦✲✉♥✐$=/✐❛ ❢♦/❛♠ ❡&$✉❞❛❞♦& ❝♦♠ ♠❡♥♦&
❢/❡2✉_♥❝✐❛✱ ✈❡/✱ ♣♦/ ❡①❡♠♣❧♦✱ ❬✷✱ ✻✱ ✽✱ ✷✹✱ ✷✽✱ ✸✹❪✳ ❖❜&❡/✈❛♠♦& $❛♠❜K♠ 2✉❡ ❛& ❞❡♠♦♥&✲
$/❛Y`❡& ❞♦& /❡&✉❧$❛❞♦& ♥♦ ❝❛&♦ ❞❛ =❧❣❡❜/❛ ❞❡ ●/❛&&♠❛♥♥ ♥I♦✲✉♥✐$=/✐❛ &I♦ ❡♠ ❣❡/❛❧ ♠❛✐&
❝♦♠♣❧✐❝❛❞❛& 2✉❡ ♥♦ ❝❛&♦ ❞❛ =❧❣❡❜/❛ ❞❡ ●/❛&&♠❛♥♥ ✉♥✐$=/✐❛✳ ◆♦ ♥♦&&♦ $/❛❜❛❧❤♦✱ ✈❛♠♦&
❛♣/❡&❡♥$❛/ ✈❡/&`❡& ♠❛✐& &✐♠♣❧❡& ❞❡&&❛& ❞❡♠♦♥&$/❛Y`❡&✳
❈♦♠❡Y❛♠♦& ❝♦♠ ♦ &❡❣✉✐♥$❡✿ ❙❡❥❛♠ K ✉♠ ❞♦♠7♥✐♦ ❞❡ ✐♥$❡❣/✐❞❛❞❡ ❞❡ ❝❛/❛❝$❡/7&$✐❝❛
p > 2✱ K1〈X〉 ❛ =❧❣❡❜/❛ ❛&&♦❝✐❛$✐✈❛ ❧✐✈/❡ ✉♥✐$=/✐❛ ❡ K〈X〉 ❛ =❧❣❡❜/❛ ❛&&♦❝✐❛$✐✈❛ ❧✐✈/❡ ♥I♦✲
✉♥✐$=/✐❛✳ ❆♣❡&❛/ ❞♦ $7$✉❧♦ ❞❡&&❡ $/❛❜❛❧❤♦✱ ✈❛♠♦& ❝♦♥&✐❞❡/❛/ ♦ ❝❛&♦ ♠❛✐& ❣❡/❛❧ 2✉❛♥❞♦ K
K ❞♦♠7♥✐♦ ❞❡ ✐♥$❡❣/✐❞❛❞❡✳ ◆♦ &❡❣✉♥❞♦ ❝❛♣7$✉❧♦✱ ❞❡✜♥✐/❡♠♦& ♦& ❝♦♥❝❡✐$♦& ❜=&✐❝♦& ♣❛/❛ ♦
❡♥$❡♥❞✐♠❡♥$♦ ❞♦ /❡&$❛♥$❡ ❞❡&&❡ $/❛❜❛❧❤♦✳ ❊♥✉♥❝✐❛/❡♠♦& ❡ ❞❡♠♦♥&$/❛/❡♠♦& ❛❧❣✉♥& /❡&✉❧✲
$❛❞♦& &♦❜/❡ =❧❣❡❜/❛& ❧✐✈/❡& ❡ L■✲=❧❣❡❜/❛& &♦❜/❡ ✉♠ ❞♦♠7♥✐♦ ❞❡ ✐♥$❡❣/✐❞❛❞❡ K✳ ❆ &❡❣✉✐/✱
✶✶
❛♣#❡%❡♥'❛#❡♠♦% ✈+#✐♦% #❡%✉❧'❛❞♦% %♦❜#❡ +❧❣❡❜#❛% Z2✲❣#❛❞✉❛❞❛% ❡ ✐❞❡♥'✐❞❛❞❡% Z2✲❣#❛❞✉❛❞❛%✳
❉❡✜♥✐#❡♠♦% +❧❣❡❜#❛ ❞❡ ●#❛%%♠❛♥♥ ❡ ✈❡#❡♠♦% ❝♦♠♦ ❡❧❛ ♣♦%%✉✐ ✉♠❛ Z2✲❣#❛❞✉❛89♦ ♥❛'✉#❛❧✳
❱❡#❡♠♦% '❛♠❜;♠ ❝♦♠♦ ❛% ✐❞❡♥'✐❞❛❞❡% Z2✲❣#❛❞✉❛❞❛% ♣♦❞❡♠ %❡# ✉'✐❧✐③❛❞❛% ♣❛#❛ ❡♥❝♦♥'#❛#
❛% ✐❞❡♥'✐❞❛❞❡% ♦#❞✐♥+#✐❛% ❞❡ ✉♠❛ +❧❣❡❜#❛✳
◆♦ '❡#❝❡✐#♦ ❝❛♣>'✉❧♦✱ ❞❡♠♦♥%'#❛#❡♠♦% ♥♦%%♦ ♣#✐♥❝✐♣❛❧ #❡%✉❧'❛❞♦✳ ❙❡❥❛♠ K ✉♠ ❞♦✲
♠>♥✐♦ ❞❡ ✐♥'❡❣#✐❞❛❞❡ ❞❡ ❝❛#❛❝'❡#>%'✐❝❛ p > 2 ❡ H ❛ +❧❣❡❜#❛ ❞❡ ●#❛%%♠❛♥♥ ♥9♦✲✉♥✐'+#✐❛
❞❡ ❞✐♠❡♥%9♦ ✐♥✜♥✐'❛ %♦❜#❡ K✳ ❙❡❥❛ D = K〈X〉/T (H) ❛ +❧❣❡❜#❛ #❡❧❛'✐✈❛♠❡♥'❡ ❧✐✈#❡ ❞❛
✈❛#✐❡❞❛❞❡ ❞❡ +❧❣❡❜#❛% ❛%%♦❝✐❛'✐✈❛% ❞❡'❡#♠✐♥❛❞❛ ♣♦# H✳
❚❡♦#❡♠❛ ✶✳✶✳ ❆ !❧❣❡❜&❛ D ♣♦❞❡ +❡& ♠❡&❣✉❧❤❛❞❛ ❡♠ H✱ ✐+1♦ 2✱ D ⊂ H✳
❊%%❡ ♠❡#❣✉❧❤♦ ♣❡#♠✐'❡ ❞❛# ✉♠❛ ❞❡♠♦♥%'#❛89♦ %✐♠♣❧❡% ❞♦ %❡❣✉✐♥'❡ #❡%✉❧'❛❞♦ ❥+ ♦❜'✐❞♦
♣♦# ✉♠ ♠;'♦❞♦ ♠❛✐% ❝♦♠♣❧✐❝❛❞♦ ♣♦# ❈❤✐#✐♣♦✈ ❡ ❙✐❞❡#♦✈ ❬✽❪ H✉❛♥❞♦ K ; ✉♠ ❝♦#♣♦✳
❈♦#♦❧*#✐♦ ✶✳✷✳ ❙❡❥❛ H ❛ !❧❣❡❜&❛ ❞❡ ●&❛++♠❛♥♥ ♥8♦✲✉♥✐1!&✐❛ ❞❡ ❞✐♠❡♥+8♦ ✐♥✜♥✐1❛ +♦❜&❡
✉♠ ❞♦♠;♥✐♦ ❞❡ ✐♥1❡❣&✐❞❛❞❡ ❞❡ ❝❛&❛❝1❡&;+1✐❝❛ p > 2✳ ❖ ❝♦♥❥✉♥1♦ ❞❛+ ✐❞❡♥1✐❞❛❞❡+ ❞❡ H 2 ♦
T ✲✐❞❡❛❧ ❞❡ K〈X〉 ❣❡&❛❞♦ ♣♦& [x1, x2, x3] ❡ x
p
✳
❖❜'❡♠♦% '❛♠❜;♠ ❞❡ ❢♦#♠❛ %✐♠♣❧❡% ✉♠❛ K✲❜❛%❡ ♣❛#❛ ♦ H✉♦❝✐❡♥'❡ K〈X〉/T (H)✱ ❛
♠❡%♠❛ ❜❛%❡ H✉❡ ❢♦✐ ❞❡%❝#✐'❛ ♣♦# ❑✐#❡❡✈❛ ❡ ❑#❛%✐❧♥✐❦♦✈ ❡♠ ❬✷✹❪ ❝♦♠ ✉♠❛ ❞❡♠♦♥%'#❛89♦
♠❛✐% ❝♦♠♣❧✐❝❛❞❛✱ H✉❛♥❞♦ K ; ✉♠ ❝♦#♣♦✳
❈♦#♦❧*#✐♦ ✶✳✸✳ ❙❡❥❛ K ✉♠ ❞♦♠;♥✐♦ ❞❡ ✐♥1❡❣&✐❞❛❞❡ ❞❡ ❝❛&❛❝1❡&;+1✐❝❛ p > 2✳ ❖ >✉♦❝✐❡♥1❡
K〈X〉/T (H) 2 ✉♠ K✲♠?❞✉❧♦ ❧✐✈&❡ ❝♦♠ ✉♠❛ K✲❜❛+❡ ❢♦&♠❛❞❛ ♣❡❧♦+ ♣♦❧✐♥B♠✐♦+
xm1i1 · · · x
mk
ik
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ] + T (H), ✭✶✳✶✮
♦♥❞❡ k ≥ 0, l ≥ 0, k + l > 0, i1 < . . . < ik, j1 < . . . < j2l, 0 < mi < p✳
Q❛#❛ ♠♦%'#❛# ✐%%♦✱ '#❛❜❛❧❤❛#❡♠♦% ❝♦♠ ❛ +❧❣❡❜#❛ ❞❡ ●#❛%%♠❛♥♥ H = H0 ⊕ H1 ✈✐%'❛
❝♦♠♦ +❧❣❡❜#❛ Z2✲❣#❛❞✉❛❞❛✳ ❙❡❥❛♠ K〈Y, Z〉 ❛ +❧❣❡❜#❛ ❧✐✈#❡ ♥9♦✲✉♥✐'+#✐❛ Z2✲❣#❛❞✉❛❞❛ ❡ T2
♦ T2✲✐❞❡❛❧ ❞❡ K〈Y, Z〉 ❣❡#❛❞♦ ♣❡❧♦% %❡❣✉✐♥'❡% ♣♦❧✐♥R♠✐♦%
[y1, y2], [y1, z1], z1z2 + z2z1, y
p
1. ✭✶✳✷✮
❈♦♠❡8❛#❡♠♦% ❞❡♠♦♥%'#❛♥❞♦ ♦ %❡❣✉✐♥'❡✿
✶✷
❚❡♦#❡♠❛ ✶✳✹✳ ❙❡❥❛ K ✉♠ ❞♦♠(♥✐♦ ❞❡ ✐♥+❡❣-✐❞❛❞❡ ❞❡ ❝❛-❛❝+❡-(/+✐❝❛ p > 2✳ ❆ 2❧❣❡❜-❛
-❡❧❛+✐✈❛♠❡♥+❡ ❧✐✈-❡ Z2✲❣-❛❞✉❛❞❛ ❞❛ ✈❛-✐❡❞❛❞❡ ❞❡+❡-♠✐♥❛❞❛ ♣♦- T2 ♣♦❞❡ /❡- ♠❡-❣✉❧❤❛❞❛ ❡♠
H✱ ✐/+♦ :✱ K〈Y, Z〉/T2 ⊂ H✳
▼❛✐% ♣'❡❝✐%❛♠❡♥,❡✱ ❞✐✈✐❞✐♠♦% ♦% ❣❡'❛❞♦'❡% ❞❡ H ❡♠ ❞✉❛% ❢❛♠4❧✐❛%
e1, e2, . . . ; f1, f2, . . . .
❆ %❡❣✉✐' ♠♦%,'❛♠♦% 7✉❡ ♦ ❤♦♠♦♠♦'✜%♠♦
φ : K〈Y, Z〉/T2 −→ H
zi + T2 7→ fi
yi + T2 7→ eλi+1eλi+2 + eλi+3eλi+4 + . . .+ eλi+(2p−3)eλi+(2p−2),
♦♥❞❡ λi = (i− 1)(2p− 2)✱ : ✉♠ ❤♦♠♦♠♦'✜%♠♦ ✐♥❥❡,♦'✳
❊%%❡ ,❡♦'❡♠❛ ✐♠♣❧✐❝❛ ❞♦✐% '❡%✉❧,❛❞♦% 7✉❡ ♣'♦✈❛✈❡❧♠❡♥,❡ %>♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦% 7✉❛♥❞♦
K : ✉♠ ❝♦'♣♦✱ ❡♠❜♦'❛ ♥>♦ ,❡♥❤❛♠♦% ❡♥❝♦♥,'❛❞♦ ❛% '❡❢❡'@♥❝✐❛%✳
❈♦#♦❧+#✐♦ ✶✳✺✳ ❖ ❝♦♥❥✉♥+♦ ❞❛/ ✐❞❡♥+✐❞❛❞❡/ Z2✲❣-❛❞✉❛❞❛/ ❞❡ H : ♦ T2✲✐❞❡❛❧ ❣❡-❛❞♦ ♣❡❧♦/
/❡❣✉✐♥+❡/ ♣♦❧✐♥<♠✐♦/ ❞❡ K〈Y, Z〉✿
[y1, y2], [y1, z1], z1z2 + z2z1, y
p
1. ✭✶✳✸✮
❈♦#♦❧+#✐♦ ✶✳✻✳ ❙❡❥❛ K ✉♠ ❞♦♠(♥✐♦ ❞❡ ✐♥+❡❣-✐❞❛❞❡ ❞❡ ❝❛-❛❝+❡-(/+✐❝❛ p > 2✳ ❖ >✉♦❝✐❡♥+❡
K〈Y, Z〉/T2(H) : ✉♠ K✲♠?❞✉❧♦ ❧✐✈-❡ ❝♦♠ ✉♠❛ K✲❜❛/❡ ❢♦-♠❛❞❛ ♣❡❧♦/ ♠♦♥<♠✐♦/
ym1i1 · · · y
mk
ik
zj1 · · · zjl + T2(H),
♦♥❞❡ i1 < . . . < ik✱ j1 < . . . < jl❀ 0 < m1, . . . ,mk < p❀ k, l ≥ 0 ❡ k + l > 0✳
❯%❛'❡♠♦% ❡%%❡% ❞♦✐% E❧,✐♠♦% ❝♦'♦❧F'✐♦% ♣❛'❛ ❞❡♠♦♥%,'❛' ♦% ❝♦'♦❧F'✐♦% ✶✳✷ ❡ ✶✳✸✳ ❈♦♠♦
D : ✐%♦♠♦'❢♦ H %✉❜F❧❣❡❜'❛ ❞❡ K〈Y, Z〉/T2(H) ❣❡'❛❞❛ ♣♦' xi + T2(H)✱ ♦♥❞❡ xi = yi + zi✱
,'❛❜❛❧❤❛'❡♠♦% ❝♦♠ D ❝♦♠♦ %✉❜F❧❣❡❜'❛ ❞♦ 7✉♦❝✐❡♥,❡ K〈Y, Z〉/T2(H)✳ ▼♦%,'❛'❡♠♦% 7✉❡
%❡ V : ♦ T ✲✐❞❡❛❧ ❞❡ K〈X〉 ❣❡'❛❞♦ ♣❡❧♦% ♣♦❧✐♥J♠✐♦% [x1, x2, x3] ❡ x
p
1✱ ❡♥,>♦ D ≃ K〈X〉/V ✳
❆ %❡❣✉✐'✱ ✉%❛♥❞♦ ♦% '❡%✉❧,❛❞♦% ❞❡ ❬✻❪ ❡♥❝♦♥,'❛'❡♠♦% ✉♠❛ ❜❛%❡ ♣❛'❛ ♦ T ✲%✉❜❡%♣❛N♦
❞❡ ♣♦❧✐♥J♠✐♦% ❝❡♥,'❛✐% ❞❡ H✳ ❖❜,❡♠♦% ,❛♠❜:♠ ✉♠❛ ♥♦✈❛ ❞❡♠♦♥%,'❛N>♦ %✐♠♣❧❡% ❞♦ ❢❛,♦
✶✸
❞❡ $✉❡ ♦ T ✲(✉❜❡(♣❛,♦ ❞❡ ♣♦❧✐♥0♠✐♦( ❝❡♥34❛✐( ❞❡ H ♥5♦ 6 ✜♥✐3❛♠❡♥3❡ ❣❡4❛❞♦ ❝♦♠♦ ✉♠
T ✲❡(♣❛,♦✳ ❊((❡ 4❡(✉❧3❛❞♦ ❢♦✐ ❞❡♠♦♥(34❛❞♦ ❞❡ ♠♦❞♦ ♠❛✐( ❝♦♠♣❧✐❝❛❞♦ ❡♠ ❬✶❪ ❡ ❬✻❪ ✉(❛♥❞♦ ♦
4❡(✉❧3❛❞♦ (♦✜(3✐❝❛❞♦ ❞❡ ❙❤❝❤✐❣♦❧❡✈ ❬✸✵❪✳ ❆ ✐♠♣♦43D♥❝✐❛ ❞❡((❡ 4❡(✉❧3❛❞♦ (❡ ❞❡✈❡ ❛♦ ❢❛3♦ $✉❡
❛ ♣❛43✐4 ❞❡ C(H) ❢♦4❛♠ ❝♦♥(34✉E❞♦( ❡①❡♠♣❧♦( ❞❡ T ✲✐❞❡❛✐( ♥5♦ ✜♥✐3❛♠❡♥3❡ ❣❡4❛❞♦( ♦❜3✐❞♦(
♣♦4 ❇❡❧♦✈ ❬✷✵❪✱ ●4✐(❤✐♥ ❬✶✼❪ ❡ ❙❤❝❤✐❣♦❧❡✈ ❬✸✵❪✳ ❊((❡( ❡①❡♠♣❧♦( 4❡(♦❧✈❡4❛♠ ♦ ❛♥L❧♦❣♦ ❞♦
♣4♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤3 ♣❛4❛ L❧❣❡❜4❛( (♦❜4❡ ❝♦4♣♦( ❞❡ ❝❛4❛❝3❡4E(3✐❝❛ p > 2 $✉❡ ✜❝♦✉ ❡♠ ❛❜❡43♦
♣♦4 ✉♠ ❧♦♥❣♦ ♣❡4E♦❞♦✳
◆♦ ❝❛♣E3✉❧♦ ✹✱ ❡(3✉❞❛4❡♠♦( ❛( L❧❣❡❜4❛( ❞❡ ●4❛((♠❛♥♥ ❞❡ ✉♠ K✲♠O❞✉❧♦ ❧✐✈4❡ ❞❡
❞✐♠❡♥(5♦ n✱ Hn✱ (♦❜4❡ ✉♠ ❞♦♠E♥✐♦ ❞❡ ✐♥3❡❣4✐❞❛❞❡ ❞❡ ❝❛4❛❝3❡4E(3✐❝❛ p > 2✳ ❙❡❣✉✐4❡♠♦(
♦ ♠❡(♠♦ ❝❛♠✐♥❤♦ ❞♦ ❝❛♣E3✉❧♦ ✸✳ P4✐♠❡✐4♦✱ ❡♥❝♦♥34❛4❡♠♦( ✉♠❛ ❜❛(❡ ♣❛4❛ ❛( ✐❞❡♥3✐❞❛❞❡(
Z2✲❣4❛❞✉❛❞❛( ❞❡ Hn ❡ ✉♠❛ K✲❜❛(❡ ♣❛4❛ ♦ $✉♦❝✐❡♥3❡ K〈Y, Z〉/T2(Hn)✳ ❈♦♠♦ Hn ⊂ H✱
3❡♠♦( $✉❡ Hn (❛3✐(❢❛③ ❛( ✐❞❡♥3✐❞❛❞❡( ✭✶✳✷✮✳ ❈♦♠♦ ♦ ❣4❛✉ ❞♦( ❡❧❡♠❡♥3♦( ❞❛ K✲❜❛(❡ ❞❡ Hn 6
❧✐♠✐3❛❞♦✱ 6 ❞❡ (❡ ❡(♣❡4❛4 $✉❡ ♠♦♥0♠✐♦( ❞❡ K〈Y, Z〉 ❝♦♠ ❣4❛✉ (✉✜❝✐❡♥3❡♠❡♥3❡ ❣4❛♥❞❡ (❡❥❛♠
✐❞❡♥3✐❞❛❞❡( ❞❡ Hn✳ P❛4❛ ✐((♦✱ ❞❡✜♥✐4❡♠♦( ♣❡(♦ ❞❡ ✉♠ ♠♦♥0♠✐♦ ❞❡ K〈Y, Z〉 ❝♦♠♦ (❡♥❞♦ ❛
(♦♠❛ ❞♦( ♣❡(♦( ❞❛( ✈❛4✐L✈❡✐( $✉❡ ❝♦♠♣0❡♠ ♦ ♠♦♥0♠✐♦✱ ♦♥❞❡ ❛( ✈❛4✐L✈❡✐( Y = {y1, y2, . . .}
3❡♠ ♣❡(♦ ✐❣✉❛❧ ❛ 2 ❡ ❛( ✈❛4✐L✈❡✐( Z = {z1, z2, . . .} 3❡♠ ♣❡(♦ ✐❣✉❛❧ ❛ 1✳ ❆((✐♠ 3❡♠♦( ♦
(❡❣✉✐♥3❡ 3❡♦4❡♠❛✱ $✉❡ ♣4♦✈❛✈❡❧♠❡♥3❡ 6 ❜❡♠ ❝♦♥❤❡❝✐❞♦ $✉❛♥❞♦ K 6 ✉♠ ❝♦4♣♦✳
❚❡♦#❡♠❛ ✶✳✼✳ ❙❡❥❛ K ✉♠ ❞♦♠(♥✐♦ ❞❡ ✐♥+❡❣-✐❞❛❞❡ ❞❡ ❝❛-❛❝+❡-(/+✐❝❛ p > 2✳ ❖ 2✉♦❝✐❡♥+❡
K〈Y, Z〉/T2(Hn) 3 ✉♠ K✲♠5❞✉❧♦ ❧✐✈-❡ ❝♦♠ ✉♠❛ K✲❜❛/❡ ❢♦-♠❛❞❛ ♣❡❧♦/ ♠♦♥;♠✐♦/✱ ♠5❞✉❧♦
T2(Hn)✱
ym1i1 . . . y
mk
ik
zj1 . . . zjl , ✭✶✳✹✮
♦♥❞❡ 2(m1 + · · · + mk) + l ≤ n✱ k + l > 0✱ k, l ≥ 0 i1 < · · · < ik✱ j1 < · · · < jl✱
0 < m1, . . . ,mk < p✳
❆((✐♠ 3♦❞♦ ♠♦♥0♠✐♦ ❞❡ K〈Y, Z〉 ❝♦♠ ♣❡(♦ ♠❛✐♦4 ❞♦ $✉❡ n 6 ✉♠❛ ✐❞❡♥3✐❞❛❞❡ Z2✲
❣4❛❞✉❛❞❛ ♣❛4❛ Hn✳ P❛4❛ ❡♥❝♦♥34❛4 ✉♠❛ K✲❜❛(❡ ♣❛4❛ K〈X〉/T (Hn) ❡ ♦ T ✲✐❞❡❛❧ T (Hn)✱
3❡4❡♠♦( $✉❡ ❝♦♥(✐❞❡4❛4 ❞♦✐( ❝❛(♦( (❡♣❛4❛❞❛♠❡♥3❡✿ n 6 ♣❛4 ❡ n E♠♣❛4✳ ■((♦ ❢♦✐ ❢❡✐3♦
❡♠ ❬✸✹❪ ♣♦4 ❙3♦❥❛♥♦✈❛✲❱❡♥❦♦✈❛ $✉❛♥❞♦ K 6 ✉♠ ❝♦4♣♦ ❞❡ ❝❛4❛❝3❡4E(3✐❝❛ p > 2✳ ❙❡❥❛
x1 ◦ x2 = x1x2 + x2x1 ∈ K〈X〉✳ ❉❡✜♥✐♠♦( ♦ ♣♦❧✐♥0♠✐♦( vn+1 ❞♦ (❡❣✉✐♥3❡ ♠♦❞♦✿
vn+1 = (· · · ((x1 ◦ x2) ◦ x3) ◦ . . . ◦ xn+1) ◦ xn+1.
❊♥35♦ 3❡♠♦(
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❚❡♦#❡♠❛ ✶✳✽✳ ❙❡❥❛ H2n ❛ $❧❣❡❜(❛ ❞❡ ●(❛++♠❛♥♥ ❞❡ ✉♠ K✲♠0❞✉❧♦ ❧✐✈(❡ ❞❡ ❞✐♠❡♥+4♦ 2n✱
♥4♦✲✉♥✐6$(✐❛✱ +♦❜(❡ ✉♠ ❞♦♠7♥✐♦ ❞❡ ✐♥6❡❣(✐❞❛❞❡ ❞❡ ❝❛(❛❝6❡(7+6✐❝❛ p > 2✳ ❖ T ✲✐❞❡❛❧ ❞❛+
✐❞❡♥6✐❞❛❞❡+ ❞❡ H2n ; ♦ T ✲✐❞❡❛❧ ❣❡(❛❞♦ ♣❡❧♦+ ♣♦❧✐♥=♠✐♦+
[x1, x2, x3]✱ x
p
1 ❡ vn+1✳
❚❡♦#❡♠❛ ✶✳✾✳ ❙❡❥❛ H2n−1 ❛ $❧❣❡❜(❛ ❞❡ ●(❛++♠❛♥♥ ❞❡ ✉♠ K✲♠0❞✉❧♦ ❧✐✈(❡ ❞❡ ❞✐♠❡♥+4♦
2n− 1✱ ♥4♦✲✉♥✐6$(✐❛✱ +♦❜(❡ ✉♠ ❞♦♠7♥✐♦ ❞❡ ✐♥6❡❣(✐❞❛❞❡ ❞❡ ❝❛(❛❝6❡(7+6✐❝❛ p > 2✳ ❖ T ✲✐❞❡❛❧
❞❛+ ✐❞❡♥6✐❞❛❞❡+ ❞❡ H2n−1 ; ♦ T ✲✐❞❡❛❧ ❣❡(❛❞♦ ♣❡❧♦ ♣♦❧✐♥=♠✐♦+
[x1, x2, x3]✱ x
p
1✱ vnxn+1✱ xn+1vn✳
❙❡ s = n/(2p− 1) ; ✉♠ ♥>♠❡(♦ ✐♥6❡✐(♦✱ ✐♥❝❧✉7♠♦+ ♦ ♣♦❧✐♥=♠✐♦
[x1, x2] · · · [x2s−1, x2s]x
p−1
1 · · · x
p−1
2s ✳
◆♦ ❝❛♣'(✉❧♦ ✺✱ ❝♦♥.✐❞❡2❛2❡♠♦. ❛ 4❧❣❡❜2❛ ❞❡ ●2❛..♠❛♥♥ ✉♥✐(42✐❛ E✱ ❞❡ ✉♠ ❡.♣❛8♦
❞❡ ❞✐♠❡♥.9♦ ✐♥✜♥✐(❛✱ .♦❜2❡ ✉♠ ❝♦2♣♦ ✜♥✐(♦ K✳ ❊..❡ ❝❛.♦ ❢♦✐ ❡.(✉❞❛❞♦ ♣♦2 ❇❡❦❤✲❖❝❤✐2
❡ ❘❛♥❦✐♥ ❡♠ ❬✸❪✳ ◆❡..❡ ❛2(✐❣♦ ❡❧❡. ♠♦.(2❛2❛♠ G✉❡ ♦ T ✲✐❞❡❛❧ ❞❛. ✐❞❡♥(✐❞❛❞❡. ❞❡ E H ♦




1✱ ♦♥❞❡ p H ❛ ❝❛2❛❝(❡2'.(✐❝❛ ❞♦ ❝♦2♣♦
K ❡ q H ❛ G✉❛♥(✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥(♦. ❞❡ K✳ ❖ ♣2✐♥❝✐♣❛❧ (❡♦2❡♠❛ ❞❡..❡ ❝❛♣'(✉❧♦ ❝♦♥.✐.(❡ ♥♦





❚❡♦#❡♠❛ ✶✳✶✵✳ K1〈X〉/U ≃ A
⊗
K B✱ ♦♥❞❡ A = K1[ti|i ∈ Λ]/I ❡ B = K1〈Y 〉/V ✳ ❆@✉✐✱




i ✱ i ∈ Λ✱ ❡ V ; ♦ T ✲✐❞❡❛❧ ❞❡ K〈Y 〉 ❣❡(❛❞♦ ♣♦(
[y1, y2, y3] ❡ y
p
1✳
L♦2 ✜♠✱ ❝♦♥❝❧✉✐2❡♠♦. ♣❡❧♦ (❡♦2❡♠❛ ❛❝✐♠❛ G✉❡ ♦ T ✲✐❞❡❛❧ ❞❛. ✐❞❡♥(✐❞❛❞❡. ❞❡ E H U ✱ ✐.(♦
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❣-✐❞❛❞❡ K ❡ F ∈ D ✉♠❛ *❧❣❡❜-❛ ❣❡-❛❞❛ ♣♦- ✉♠ ❝♦♥❥✉♥0♦ X✳ ❆ *❧❣❡❜-❛ F 8 ❝❤❛♠❛❞❛ ❧✐✈-❡
♥❛ ❝❧❛((❡ D✱ ❧✐✈-❡♠❡♥0❡ ❣❡-❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥0♦ X✱ (❡ ♣❛-❛ ;✉❛❧;✉❡- *❧❣❡❜-❛ R ∈ D✱ 0♦❞❛
❛♣❧✐❝❛<=♦ φ : X → R ♣♦❞❡ (❡- ❡(0❡♥❞✐❞❛ ❛ ✉♠ ❤♦♠♦♠♦-✜(♠♦ φ : F → R✳ ❆ ❝❛-❞✐♥❛❧✐❞❛❞❡
|X| ❞♦ ❝♦♥❥✉♥0♦ X 8 ❝❤❛♠❛❞❛ ♣♦(0♦ ❞❡ F ✳
❙❡ D > ❛ ❝❧❛""❡ ❞❡ #♦❞❛" ❛" 1❧❣❡❜,❛" ❛""♦❝✐❛#✐✈❛"✱ ❡♥#7♦ F > "✐♠♣❧❡"♠❡♥#❡ ❝❤❛♠❛❞❛
❞❡ 1❧❣❡❜,❛ ❛""♦❝✐❛#✐✈❛ ❧✐✈,❡✳ ❈❛"♦ ❝♦♥#,1,✐♦✱ F > ❝❤❛♠❛❞❛ ❞❡ 1❧❣❡❜,❛ ❛""♦❝✐❛#✐✈❛ ,❡❧❛#✐✈❛✲
♠❡♥#❡ ❧✐✈,❡ ♥❛ ❝❧❛""❡ D✳
❙❡❥❛♠ K ✉♠ ❝♦,♣♦ ❡ X ✉♠ ❝♦♥❥✉♥#♦ ✐♥✜♥✐#♦ ❡♥✉♠❡,1✈❡❧✳ ❆ 1❧❣❡❜,❛ K1〈X〉 #❡♥❞♦
❝♦♠♦ ❜❛"❡ ♦ ❝♦♥❥✉♥#♦
xi1xi2 · · · xin , xil ∈ X,n = 0, 1, 2, 3 . . . ,
✶✻
❡ ♠✉❧&✐♣❧✐❝❛+,♦ ❞❡✜♥✐❞❛ ♣♦1
(xi1xi2 · · · xin)(xj1xj2 · · · xjm) = xi1xi2 · · · xinxj1xj2 · · · xjm
2 ❧✐✈1❡ ♥❛ ❝❧❛44❡ ❞❡ &♦❞❛4 ❛4 5❧❣❡❜1❛4 ❛44♦❝✐❛&✐✈❛4 ✉♥✐&51✐❛4✳
❙❡❥❛ K〈X〉 ♦ K✲4✉❜♠<❞✉❧♦ ❞❡ K1〈X〉 ❣❡1❛❞♦ ♣♦1 &♦❞❛4 ❛4 ♣❛❧❛✈1❛4 xi1xi2 · · · xin ✱
xil ∈ X✱ n = 1, 2, 3 . . .✱ ✐4&♦ 2✱ &♦❞❛4 ❛4 ♣❛❧❛✈1❛4 ❝♦♠ ❝♦♠♣1✐♠❡♥&♦ ♠❛✐♦1 ♦✉ ✐❣✉❛❧ ❛ 1✳
❊♥&,♦ K〈X〉 2 ❧✐✈1❡ ♥❛ ❝❧❛44❡ ❞❡ &♦❞❛4 ❛4 5❧❣❡❜1❛4 ❛44♦❝✐❛&✐✈❛4 ♥,♦✲✉♥✐&51✐❛4✳
❆❣♦1❛ ♣♦❞❡♠♦4 ❞❡✜♥✐1 ✐❞❡♥&✐❞❛❞❡4 ♣♦❧✐♥♦♠✐❛✐4 ❞❡ ✉♠❛ 5❧❣❡❜1❛ ❛44♦❝✐❛&✐✈❛✳
❉❡✜♥✐%&♦ ✷✳✷✳ ❙❡❥❛ f(x1, . . . , xn) ∈ K〈X〉 ❡ R ✉♠❛ &❧❣❡❜*❛ ❛++♦❝✐❛/✐✈❛ +♦❜*❡ K✳ ❉✐✲
③❡♠♦+ 5✉❡ f = 0 6 ✉♠❛ ✐❞❡♥/✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛*❛ R +❡ f(r1, . . . , rn) = 0 ♣❛*❛ /♦❞♦+
r1, . . . , rn ∈ R✳
❉✐1❡♠♦4 A✉❡ f = 0 2 ✉♠❛ ✐❞❡♥&✐❞❛❞❡ ♣❛1❛ R ✭♦✉ 4✐♠♣❧❡4♠❡♥&❡ f 2 ✐❞❡♥&✐❞❛❞❡ ♣❛1❛
R✮✱ ♦✉ R 4❛&✐4❢❛③ f ✳
❉❡✜♥✐%&♦ ✷✳✸✳ ❙❡ R +❛/✐+❢❛③ ✉♠❛ ✐❞❡♥/✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♥;♦ /*✐✈✐❛❧✱ ❞✐③❡♠♦+ 5✉❡ R 6
✉♠❛ =■✲&❧❣❡❜*❛✳
❊①❡♠♣❧♦ ✷✳✹✳ ❙❡ R 6 ✉♠❛ K✲&❧❣❡❜*❛ ❛++♦❝✐❛/✐✈❛ ❞❡ ❞✐♠❡♥+;♦ n✱ ❡♥/;♦ R +❛/✐+❢❛③ ❛




sign(σ)xσ(1) · · · xσ(n+1).
❊①❡♠♣❧♦ ✷✳✺ ✭❆♠✐&4✉1✲▲❡✈✐&③❦✐✮✳ ❆ &❧❣❡❜*❛ ❞❡ ♠❛/*✐③❡+ ❞❡ ♦*❞❡♠ n✱ Mn(K)✱ +❛/✐+❢❛③ ♦
♣♦❧✐♥@♠✐♦ +/❛♥❞❛*❞ ❞❡ ❣*❛✉ 2n✱ s2n =
∑
σ∈S2n
sign(σ)xσ(1) · · · xσ(2n)✳
❙❡❥❛ Φ ♦ ❝♦♥❥✉♥&♦ ❞❡ &♦❞♦4 ♦4 ❤♦♠♦♠♦1✜4♠♦4 φ : K〈X〉 −→ R✳ ❊♥&,♦ 2 ❝❧❛1♦ A✉❡




❉❡✜♥✐%&♦ ✷✳✻✳ ❙❡❥❛♠ R ✉♠❛ K✲&❧❣❡❜*❛ ❝♦♠ ❝❡♥/*♦ Z(R) ❡ +❡❥❛ f(x1, . . . , xn) ∈ K〈X〉✳
❖ ♣♦❧✐♥@♠✐♦ f 6 ❝❡♥/*❛❧ ❡♠ R +❡ f(r1, . . . , rn) ∈ Z(R) ♣❛*❛ /♦❞♦+ r1, . . . , rn ∈ R✳
❉❛❞❛ ✉♠❛ 5❧❣❡❜1❛ R✱ ❞❡♥♦&❛1❡♠♦4 ♣♦1 C(R) ♦ ❝♦♥❥✉♥&♦ ❞❡ ♣♦❧✐♥I♠✐♦4 ❝❡♥&1❛✐4 ❞❡ R✳
✶✼
❉❛❞❛ ✉♠❛ '❧❣❡❜,❛ R✱ .❡❥❛
T (R) = {f ∈ K〈X〉|f 0 ✐❞❡♥3✐❞❛❞❡ ♣❛,❛ R}
♦ ❝♦♥❥✉♥3♦ ❞❡ 3♦❞❛. ❛. ✐❞❡♥3✐❞❛❞❡. ♣♦❧✐♥♦♠✐❛✐. ❞❡ R✳ ❈❧❛,❛♠❡♥3❡✱ T (R) 0 ✉♠ ✐❞❡❛❧
❜✐❧❛3❡,❛❧ ❞❡ K〈X〉✳ ❆❧0♠ ❞✐..♦✱ .❡ f(x1, . . . , xn) ∈ T (R) ❡ g1, . . . , gn .:♦ ♣♦❧✐♥;♠✐♦.
❛,❜✐3,',✐♦. ❞❡ K〈X〉✱ ❡♥3:♦ f(g1, . . . , gn) ∈ T (R)✳ ❈♦♠♦ 3♦❞♦ ❡♥❞♦♠♦,✜.♠♦ ❞❡ K〈X〉 0
❞❡3❡,♠✐♥❛❞♦ ♣♦, ❛♣❧✐❝❛=>❡. x 7→ g✱ x ∈ X✱ g ∈ K〈X〉✱ .❡❣✉❡ ?✉❡ T (R) 0 ❢❡❝❤❛❞♦ ♣♦,
3♦❞♦. ♦. ❡♥❞♦♠♦,✜.♠♦. ❞❡ K〈X〉✳ ■❞❡❛✐. ❝♦♠ ❡..❛ ♣,♦♣,✐❡❞❛❞❡ .:♦ ❝❤❛♠❛❞♦. ❞❡ T ✲✐❞❡❛✐.✳
❉❡✜♥✐%&♦ ✷✳✼✳ ❯♠ ✐❞❡❛❧ I ❞❡ K〈X〉 ' ✉♠ T ✲✐❞❡❛❧ *❡ φ(I) ⊆ I ♣❛,❛ -♦❞♦* ♦* ❡♥❞♦♠♦,✲
✜*♠♦* φ ❞❡ K〈X〉✳
D♦,3❛♥3♦✱ ♣❛,❛ 3♦❞❛ '❧❣❡❜,❛ R✱ T (R) 0 ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✳ D♦, ♦✉3,♦ ❧❛❞♦✱ 3♦❞♦
T ✲✐❞❡❛❧ I 0 ❝♦♥❥✉♥3♦ ❞❡ ✐❞❡♥3✐❞❛❞❡. ♣♦❧✐♥♦♠✐❛✐. ❞❡ ❛❧❣✉♠❛ '❧❣❡❜,❛✱ ♣♦✐. T (K〈X〉/I) = I✳
❆♥❛❧♦❣❛♠❡♥3❡ ❞❡✜♥❡✲.❡ ✉♠ T ✲.✉❜❡.♣❛=♦ ❝♦♠♦ .❡♥❞♦ ✉♠ K✲.✉❜♠E❞✉❧♦ ❞❡ K〈X〉 ❢❡✲
❝❤❛❞♦ ♣♦, 3♦❞♦. ♦. ❡♥❞♦♠♦,✜.♠♦. ❞❡ K〈X〉✳ ❊♠❜♦,❛ ❛ ♣❛❧❛✈,❛ T ✲.✉❜❡.♣❛=♦. .❡❥❛ ✉.❛❞❛
?✉❛♥❞♦ K 0 ✉♠ ❝♦,♣♦✱ ✐.3♦ 0✱ ♣❛,❛ K✲.✉❜❡.♣❛=♦. ❢❡❝❤❛❞♦. ♣♦, 3♦❞♦. ♦. ❡♥❞♦♠♦,✜.♠♦.
❞❡ K〈X〉✱ ❛?✉✐ ❡❧❛ .❡,' ✉.❛❞❛ ♥♦ ♠❡.♠♦ .❡♥3✐❞♦✳
❉❡✜♥✐%&♦ ✷✳✽✳ ❯♠ K✲*✉❜♠3❞✉❧♦ J ❞❡ K〈X〉 ' ✉♠ T ✲*✉❜❡*♣❛4♦ *❡ φ(J) ⊆ J ♣❛,❛ -♦❞♦*
♦* ❡♥❞♦♠♦,✜*♠♦* φ ❞❡ K〈X〉✳
❚❡♠♦. 3❛♠❜0♠ ?✉❡ ♣❛,❛ 3♦❞❛ '❧❣❡❜,❛ R✱ ♦ ❝♦♥❥✉♥3♦ ❞❡ ♣♦❧✐♥;♠✐♦. ❝❡♥3,❛✐. C(R) 0
✉♠ T ✲.✉❜❡.♣❛=♦ ❞❡ K〈X〉✳ ▼❛. ❛ ,❡❝J♣,♦❝❛ ♥:♦ ✈❛❧❡✳
❙❡❥❛ S = {fi ∈ K〈X〉 | i ∈ I} ✉♠ ❝♦♥❥✉♥3♦ ❞❡ ♣♦❧✐♥;♠✐♦.✳ ❖ T ✲✐❞❡❛❧ ❞❡ K〈X〉 ❣❡,❛❞♦
♣♦, S .❡,' ❞❡♥♦3❛❞♦ ♣♦, 〈S〉T ✳ ➱ ❢'❝✐❧ ✈❡, ?✉❡ 〈S〉T 0 ♦ ✐❞❡❛❧ ❣❡,❛❞♦ ♣♦,
fi(g1, . . . , gni)
♦♥❞❡ fi(x1, . . . , xni) ∈ S ❡ g1, . . . , gni .:♦ ♣♦❧✐♥;♠✐♦. ❛,❜✐3,',✐♦. ❞❡ K〈X〉✳
❱✐♠♦. ?✉❡ 3♦❞❛ '❧❣❡❜,❛ R ❞❡3❡,♠✐♥❛ ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✳ ■♥3,♦❞✉③✐,❡♠♦. ❛❣♦,❛ ♦
❝♦♥❝❡✐3♦ ❞❡ ✈❛,✐❡❞❛❞❡ ❞❡ '❧❣❡❜,❛.✳
❉❡✜♥✐%&♦ ✷✳✾✳ ❙❡❥❛ {fi ∈ K〈X〉 | i ∈ Λ} ✉♠ ❝♦♥❥✉♥-♦ ❞❡ ♣♦❧✐♥8♠✐♦* ❞❡ K〈X〉✳ ❆
❝❧❛**❡ ❞❡ -♦❞❛* ❛* :❧❣❡❜,❛* R -❛✐* <✉❡ fi = 0✱ i ∈ Λ✱ *>♦ ✐❞❡♥-✐❞❛❞❡* ♣♦❧✐♥♦♠✐❛✐* ♣❛,❛ R
' ❝❤❛♠❛❞❛ ❞❡ ✈❛,✐❡❞❛❞❡ ❞❡-❡,♠✐♥❛❞❛ ♣♦, {fi ∈ K〈X〉 | i ∈ Λ}✳
✶✽
◆♦$❡ &✉❡ (❡ S = {fi ∈ K〈X〉 | i ∈ Λ}✱ ❛ ✈❛,✐❡❞❛❞❡ ❞❡$❡,♠✐♥❛❞❛ ♣♦, S 2 ✐❣✉❛❧ ❛
✈❛,✐❡❞❛❞❡ ❞❡$❡,♠✐♥❛❞❛ ♣♦, 〈S〉T ✳
❖ ♣,7①✐♠♦ $❡♦,❡♠❛ ❢♦,♥❡❝❡ ✉♠ ❝,✐$2,✐♦ ♣❛,❛ (❛❜❡, (❡ ✉♠❛ ❞❛❞❛ ❝❧❛((❡ ❞❡ <❧❣❡❜,❛( 2
✉♠❛ ✈❛,✐❡❞❛❞❡✳
❚❡♦#❡♠❛ ✷✳✶✵ ✭❇✐,❦❤♦✛✮✳ ❯♠❛ ❝❧❛%%❡ ❞❡ (❧❣❡❜+❛% D , ✉♠❛ ✈❛+✐❡❞❛❞❡ %❡✱ ❡ %♦♠❡♥3❡ %❡✱
D , ❢❡❝❤❛❞❛ ♣❛+❛ ♣+♦❞✉3♦% ❞✐+❡3♦%✱ %✉❜(❧❣❡❜+❛% ❡ (❧❣❡❜+❛% 7✉♦❝✐❡♥3❡%✳
❙❡❥❛ V ❛ ✈❛,✐❡❞❛❞❡ ❞❡$❡,♠✐♥❛❞❛ ♣♦, ✉♠ T ✲✐❞❡❛❧ I✳ ❆ ♣,7①✐♠❛ ♣,♦♣♦(✐GH♦✱ &✉❡ ♣♦❞❡
(❡, ❡♥❝♦♥$,❛❞❛ ❡♠ ❬✶✵❪✱ ♥♦( ♠♦($,❛ ❛ ❡①✐($L♥❝✐❛ ❞❡ ✉♠❛ <❧❣❡❜,❛ ,❡❧❛$✐✈❛♠❡♥$❡ ❧✐✈,❡ ♥❛
❝❧❛((❡ V ✳
*#♦♣♦,✐./♦ ✷✳✶✶✳ ❙❡❥❛ K〈X〉 ❛ (❧❣❡❜+❛ ❛%%♦❝✐❛3✐✈❛ ❧✐✈+❡✱ ❧✐✈+❡♠❡♥3❡ ❣❡+❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥3♦
X✳ ❙❡❥❛ V ❛ ✈❛+✐❡❞❛❞❡ ❞❡3❡+♠✐♥❛❞❛ ♣♦+ ✉♠ T ✲✐❞❡❛❧ I ∈ K〈X〉✳ ❊♥3=♦ K〈X〉/I , ✉♠❛
(❧❣❡❜+❛ +❡❧❛3✐✈❛♠❡♥3❡ ❧✐✈+❡✱ ❧✐✈+❡♠❡♥3❡ ❣❡+❛❞❛ ♣♦+ X = {x+ I|x ∈ X}✱ ♥❛ ❝❧❛%%❡ V✳ ❆❧,♠
❞✐%%♦✱ ❞✉❛% (❧❣❡❜+❛% +❡❧❛3✐✈❛♠❡♥3❡ ❧✐✈+❡% ♥❛ ❝❧❛%%❡ V✱ ❞❡ ♠❡%♠♦ ♣♦%3♦✱ %=♦ ✐%♦♠♦+❢❛%✳
❉❡♠♦♥%3+❛@=♦✳ ❙❡❥❛♠ R ✉♠❛ <❧❣❡❜,❛ &✉❡ ♣❡,$❡♥❝❡ M ✈❛,✐❡❞❛❞❡ V ❡ ✉♠❛ ❛♣❧✐❝❛GH♦
φ : X → R ♦♥❞❡ φ(x + I) = r✱ r ∈ R✳ ❉❡✜♥❛ ✉♠❛ ❛♣❧✐❝❛GH♦ ψ : X → R ❝♦❧♦❝❛♥❞♦
ψ(x) = φ(x+ I)✳ ❈♦♠♦ K〈X〉 2 <❧❣❡❜,❛ ❧✐✈,❡ (♦❜,❡ X✱ ψ ♣♦❞❡ (❡, ❡($❡♥❞✐❞❛ ❛ ✉♠ ❤♦♠♦✲
♠♦,✜(♠♦ ψ : K〈X〉 → R✱ ♦♥❞❡ ψ(f(x1, . . . , xn)) = f(r1, . . . , rn)✳ ▼❛( I ⊆ T (R) ⊆ ker(ψ)✳
❆((✐♠ ♦ ❤♦♠♦♠♦,✜(♠♦
K〈X〉/I → R
φ(f(x1, . . . , xn) + I) = f(r1, . . . , rn)
❡($< ❜❡♠ ❞❡✜♥✐❞♦ ❡ ❡($❡♥❞❡ φ✳
❙❡❥❛♠ R1, R2 ∈ V <❧❣❡❜,❛( ,❡❧❛$✐✈❛♠❡♥$❡ ❧✐✈,❡( ❞❡ ♠❡(♠♦ ♣♦($♦ (♦❜,❡ X = {x1, x2, . . .}
❡ X ′ = {x′1, x
′
2, . . .}✱ ,❡(♣❡❝$✐✈❛♠❡♥$❡✳ ❈♦♠♦ R1 ❡ R2 (H♦ <❧❣❡❜,❛( ,❡❧❛$✐✈❛♠❡♥$❡ ❧✐✈,❡( ♥❛





i) = xi ♣❛,❛ i = 1, 2, . . .✳ ➱ ❢<❝✐❧ ✈❡, &✉❡ φ1φ2 2 ❛ ❛♣❧✐❝❛GH♦ ✐❞❡♥$✐❞❛❞❡ ❞❡ X
′
❡ φ2φ1
2 ❛ ❛♣❧✐❝❛GH♦ ✐❞❡♥$✐❞❛❞❡ ❞❡ X✳ S♦,$❛♥$♦✱ R1 ❡ R2 (H♦ ✐(♦♠♦,❢❛(✳
❆ ♣,♦♣♦(✐❝H♦ ❛❝✐♠❛ ❞✐③ &✉❡ (❡ R ♣❡,$❡♥❝❡ ❛ ✈❛,✐❡❞❛❞❡ V ✱ ❡♥$H♦ $♦❞❛ ❛♣❧✐❝❛GH♦
X → R
xi + I 7→ gi,
✶✾
♣♦❞❡ &❡' ❡&(❡♥❞✐❞❛ ❛ ✉♠ ❤♦♠♦♠♦'✜&♠♦
K〈X〉/I −→ R.
❱❛♠♦& ❛❣♦'❛ ✐♥('♦❞✉③✐' ♦& ❝♦♥❝❡✐(♦& ❞❡ ✐❞❡♥(✐❞❛❞❡& ♠✉❧(✐✲❤♦♠♦❣6♥❡❛&✱ ✐❞❡♥(✐❞❛❞❡&
♠✉❧(✐❧✐♥❡❛'❡&✳
❉❡✜♥✐%&♦ ✷✳✶✷✳ ❉✐③❡♠♦& '✉❡ ✉♠ ♣♦❧✐♥,♠✐♦ f(x1, . . . , xn) ∈ K〈X〉 - ❤♦♠♦❣0♥❡♦ ❝♦♠
2❡&♣❡✐3♦ 4 ✈❛2✐7✈❡❧ x1✱ &❡ ❡❧❡ ♣♦❞❡ &❡2 2❡♣2❡&❡♥3❛❞♦ ❝♦♠♦ ❝♦♠❜✐♥❛;<♦ ❧✐♥❡❛2 ❞❡ ♠♦♥,♠✐♦&
❞❡ ♠❡&♠♦ ❣2❛✉✱ 2❡❧❛3✐✈❛♠❡♥3❡ ❛ x1✳
❉❡✜♥✐%&♦ ✷✳✶✸✳ ❯♠ ♣♦❧✐♥,♠✐♦ f(x1, . . . , xn) ∈ K〈X〉 - ♠✉❧3✐✲❤♦♠♦❣0♥❡♦ &❡ ❢♦2 ❤♦♠♦✲
❣0♥❡♦ ❝♦♠ 2❡&♣❡✐3♦ ❛ 3♦❞❛& ❛& ✈❛2✐7✈❡✐&✳
❉❡✜♥✐%&♦ ✷✳✶✹✳ ❯♠ ♣♦❧✐♥,♠✐♦ ♠✉❧3✐✲❤♦♠♦❣0♥❡♦ f(x1, . . . , xn) ∈ K〈X〉 3❡♠ ♠✉❧3✐✲❣2❛✉
(d1, . . . , dn) &❡ ♦ ❣2❛✉ ❞❡ xi ❡♠ f - di✱ i = 1, . . . , n✳
❆&&✐♠ ❝❛❞❛ f(x1, . . . , xn) ∈ K〈X〉 ♣♦❞❡ &❡' ❡&❝'✐(♦ ❞❡ ♠❛♥❡✐'❛ :♥✐❝❛ ❝♦♠♦ ❝♦♠❜✐♥❛<=♦





♦♥❞❡ f (d1,...,dn) > ❛ ❝♦♠♣♦♥❡♥(❡ ♠✉❧(✐✲❤♦♠♦❣6♥❡❛ ❞❡ f ❝♦♠ ♠✉❧(✐✲❣'❛✉ (d1, . . . , dn)✳ ?♦'✲





♦♥❞❡ K〈X〉(d1,...,dn) > ♦ K✲&✉❜♠@❞✉❧♦ ❞❡ K〈X〉 ❣❡'❛❞♦ ♣♦' (♦❞♦& ♦& ♣♦❧✐♥A♠✐♦& ❝♦♠ ♠✉❧(✐✲
❣'❛✉ (d1, . . . , dn)✳
❉❡✜♥✐%&♦ ✷✳✶✺✳ ❯♠ ♣♦❧✐♥,♠✐♦ f(x1, . . . , xn) ∈ K〈X〉 - ♠✉❧3✐❧✐♥❡❛2 &❡ ♦ ❣2❛✉ ❝♦♠ 2❡&♣❡✐3♦
❛ ❝❛❞❛ ✈❛2✐7✈❡❧ x1, . . . , xn - ✉♠✳
❉❡✜♥✐%&♦ ✷✳✶✻✳ ❯♠ ♣♦❧✐♥,♠✐♦ g ∈ K〈X〉 - ❝♦♥&❡'✉0♥❝✐❛ ❞♦& ♣♦❧✐♥,♠✐♦& fi ∈ K〈X〉✱
i ∈ Λ✱ &❡ g ∈ 〈fi | i ∈ Λ〉
T
✳
❉❡✜♥✐%&♦ ✷✳✶✼✳ ❉♦✐& &✐&3❡♠❛& ❞❡ ✐❞❡♥3✐❞❛❞❡&✱ S1✱ S2✱ &<♦ ❡'✉✐✈❛❧❡♥3❡& &❡ ❡❧❡& ❣❡2❛♠ ♦





❯♠ ✐♠♣♦'(❛♥(❡ (❡♦'❡♠❛ '❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ✐❞❡♥(✐❞❛❞❡/ ♠✉❧(✐✲❤♦♠♦❣4♥❡❛/ 5 ♦ /❡❣✉✐♥(❡✳
❊❧❡ ♣♦❞❡ /❡' ❡♥❝♦♥('❛❞♦ ♣♦' ❡①❡♠♣❧♦ ❡♠ ❬✶✵❪ ❡ ❬✶✸❪✳
 !♦♣♦$✐&'♦ ✷✳✶✽✳ ❙❡❥❛




♦♥❞❡ fi ' ❛ ❝♦♠♣♦♥❡♥+❡ ❤♦♠♦❣.♥❡❛ ❞❡ f ❞❡ ❣/❛✉ i ❡♠ x1✳ ❙❡ ❡①✐4+❡ ✉♠ ❝♦/♣♦ ❝♦♥+✐❞♦ ❡♠
K ❝♦♠ ♠❛✐4 5✉❡ m ❡❧❡♠❡♥+♦4✱ ❡♥+8♦ ♦4 ♣♦❧✐♥9♠✐♦4 fi✱ i = 0, 1, . . . ,m✱ 48♦ ❝♦♥4❡5✉.♥❝✐❛4
❞❡ f ✳
❉❡♠♦♥4+/❛;8♦✳ ❙❡❥❛ I = 〈f〉T ♦ T ✲✐❞❡❛❧ ❞❡ K〈X〉 ❣❡'❛❞♦ ♣♦' f ✳ ❈♦♠♦ K ♣♦//✉✐ ✉♠ ❝♦'♣♦
❝♦♠ ♠❛✐/ ❞❡ m ❡❧❡♠❡♥(♦/✱ ❡/❝♦❧❤❡♠♦/ m+1 ❡❧❡♠❡♥(♦/ ❞✐/(✐♥(♦/ ❞❡//❡ ❝♦'♣♦✱ α0, . . . , αm✳
❈♦♠♦ I 5 ✉♠ T ✲✐❞❡❛❧✱
f(αjx1, . . . , xn) =
m∑
i=1
αijfi(x1, . . . , xn) ∈ I, j = 0, 1, . . . ,m.
❊/❝'❡✈❡♥❞♦ ❡//❛/ m ❡B✉❛CD❡/ ♥❛ ❢♦'♠❛ ♠❛('✐❝✐❛❧✱ (❡♠♦/


f(α0x1, . . . , xn)
f(α1x1, . . . , xn)

















































f0(x1, . . . , xn)
f1(x1, . . . , xn)


















































5 ♦ ❞❡(❡'♠✐♥❛♥(❡ ❞❡ ❱❛♥❞❡'♠♦♥❞❡ ❡ 5 ❞✐❢❡'❡♥(❡ ❞❡ ③❡'♦✳ ❆//✐♠✱ ♣❡❧❛ ❡B✉❛CL♦ ✭✷✳✶✮✱ ♣♦❞❡✲
♠♦/ ❡/❝'❡✈❡' ❝❛❞❛ fi(x1, . . . , xn) ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛CL♦ ❧✐♥❡❛' ❞♦/ ♣♦❧✐♥N♠✐♦/ f(αjx1, . . . , xn)✱
i = 0, . . . ,m✳ ▲♦❣♦✱ ❝❛❞❛ fi(x1, . . . , xn) ♣❡'(❡♥❝❡ ❛ I✱ ✐/(♦ 5✱ ❛/ ✐❞❡♥(✐❞❛❞❡/ fi /L♦ ❝♦♥✲
/❡B✉4♥❝✐❛/ ❞❡ f ✳
✷✶
❯♠❛ ❞❛& ❝♦♥&❡+✉-♥❝✐❛& ♠❛✐& ✐♠♣♦01❛♥1❡& ❞❡&&❡ 1❡♦0❡♠❛ 2 +✉❡ &♦❜0❡ ✉♠ ❝♦0♣♦ ✐♥✜♥✐1♦
1♦❞♦ T ✲✐❞❡❛❧ 2 ❣❡0❛❞♦ ♣❡❧♦& &❡✉& ♣♦❧✐♥8♠✐♦& ♠✉❧1✐✲❤♦♠♦❣-♥❡♦&✳ ❆&&✐♠ 1❡♠♦& ❛ &❡❣✉✐♥1❡
❞❡✜♥✐<=♦✳
❉❡✜♥✐%&♦ ✷✳✶✾✳ ❯♠ ✐❞❡❛❧ I ❞❡ K〈X〉 ' ♠✉❧)✐✲❤♦♠♦❣.♥❡♦ 0❡ ♣❛2❛ )♦❞♦ f ∈ I✱ )♦❞❛0 ❛0
❝♦♠♣♦♥❡♥)❡0 ♠✉❧)✐✲❤♦♠♦❣.♥❡❛0 ❞❡ f )❛♠❜'♠ ♣❡2)❡♥❝❡♠ ❛ I✳
❆♥❛❧♦❣❛♠❡♥1❡ ❞❡✜♥❡✲&❡ ✉♠ K✲&✉❜♠>❞✉❧♦ ♠✉❧1✐✲❤♦♠♦❣-♥❡♦ ❞❡ K〈X〉✳





♦♥❞❡ K〈X〉(d1,...,dn) 2 ♦ K✲&✉❜♠>❞✉❧♦ ❞❡ K〈X〉 ❣❡0❛❞♦ ♣♦0 1♦❞♦& ♦& ♣♦❧✐♥8♠✐♦& ❝♦♠ ♠✉❧1✐✲
❣0❛✉ (d1, . . . , dn)✳ @❛0❛ ✉♠❛ A❧❣❡❜0❛ +✉♦❝✐❡♥1❡ K〈X〉/I✱ ♦♥❞❡ I 2 ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✱
❞❡✜♥✐♠♦& ♦ &❡❣✉✐♥1❡✳
❉❡✜♥✐%&♦ ✷✳✷✵✳ ❯♠❛ 7❧❣❡❜2❛ 8✉♦❝✐❡♥)❡ K〈X〉/I✱ ♦♥❞❡ I ' ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✱ ' ❣2❛✲





♦♥❞❡ K〈X〉(d1,...,dn) + I ' ♦ K✲0✉❜♠9❞✉❧♦ ❞❡ K〈X〉/I ❣❡2❛❞♦ ♣♦2 )♦❞♦0 f + I ∈ K〈X〉/I
♦♥❞❡ f )❡♠ ♠✉❧)✐✲❣2❛✉ (d1, . . . , dn)✳
❈♦♠ ✐&&♦✱ 1❡♠♦& ❛ &❡❣✉✐♥1❡ ♣0♦♣♦&✐<=♦✳
-.♦♣♦0✐%&♦ ✷✳✷✶✳ ❯♠ ✐❞❡❛❧ I ❞❡ K〈X〉 ' ♠✉❧)✐✲❤♦♠♦❣.♥❡♦ 0❡✱ ❡ 0♦♠❡♥)❡ 0❡✱ K〈X〉/I '
❣2❛❞✉❛❞♦ ♣❡❧♦0 0❡✉0 ♠✉❧)✐✲❣2❛✉0✳
❉❡♠♦♥0)2❛;<♦✳ ❙✉♣♦♥❤❛ +✉❡ I ♥=♦ 2 ♠✉❧1✐✲❤♦♠♦❣-♥❡♦✳ ❊♥1=♦ ❡①✐&1❡ f ∈ I 1❛❧ +✉❡
♣❡❧♦ ♠❡♥♦& ❞✉❛& ❝♦♠♣♦♥❡♥1❡& ♠✉❧1✐✲❤♦♠♦❣-♥❡❛& ❞❡ f ♥=♦ ♣❡01❡♥❝❡♠ ❛ I✳ ❙✉♣♦♥❤❛✱ ♣♦0






♥=♦ ♣❡01❡♥❝❡♠ ❛ I ❡ +✉❡ 1♦❞❛& ❛& ♦✉10❛& ❝♦♠♣♦♥❡♥1❡&
♠✉❧1✐✲❤♦♠♦❣-♥❡❛& ❞❡ f ♣❡01❡♥❝❡♠ ❛ I✳ ❆&&✐♠✱





) + I = I





) + I) = I
✷✷





)+I ♥+♦ , ❞✐.❡/❛✳ ❆&&✐♠✱ K〈X〉/I ♥+♦ ,
❣.❛❞✉❛❞❛ ♣❡❧♦& &❡✉& ♠✉❧/✐✲❣.❛✉&✳ ❖ ♠❡&♠♦ .❛❝✐♦❝8♥✐♦ , ✈:❧✐❞♦ &✉♣♦♥❞♦ ;✉❡ ♠❛✐& ❞❡ ❞✉❛&
❝♦♠♣♦♥❡♥/❡& ♠✉❧/✐✲❤♦♠♦❣=♥❡❛& ❞❡ f ♥+♦ ♣❡./❡♥❝❡♠ ❛ I✳
❆❣♦.❛ &✉♣♦♥❤❛ ;✉❡ K〈X〉/I ♥+♦ , ❣.❛❞✉❛❞❛ ♣❡❧♦& &❡✉& ♠✉❧/✐✲❣.❛✉&✳ ❆&&✐♠✱ ❡①✐&/❡♠





) + I✱ /❛✐&
;✉❡
















) /∈ I✱ /❡♠♦& ;✉❡ I ♥+♦ ,
♠✉❧/✐✲❤♦♠♦❣=♥❡♦✳
✷✳✷ ➪❧❣❡❜'❛) Z2✲●'❛❞✉❛❞❛) ❡ .❧❣❡❜'❛) ❞❡ ●'❛))♠❛♥♥
■♥/.♦❞✉③✐.❡♠♦& ♥❡&&❛ &❡C+♦ ♦& ❝♦♥❝❡✐/♦& ❞❡ :❧❣❡❜.❛& ❛&&♦❝✐❛/✐✈❛& Z2✲❣.❛❞✉❛❞❛& ❡ :❧❣❡✲
❜.❛& ❞❡ ●.❛&&♠❛♥♥✳ ❈♦♠❡C❛.❡♠♦& ❞❡✜♥✐♥❞♦ :❧❣❡❜.❛& ❞❡ ●.❛&&♠❛♥♥✳
❉❡✜♥✐%&♦ ✷✳✷✷✳ ❙❡❥❛♠ X ✉♠ ❝♦♥❥✉♥)♦ ✐♥✜♥✐)♦ ❡♥✉♠❡,-✈❡❧✱ K ✉♠ ❞♦♠2♥✐♦ ❞❡ ✐♥)❡❣,✐❞❛❞❡
❞❡ ❝❛,❛❝)❡,24)✐❝❛ p > 2 ❡ K〈X〉 ❛ -❧❣❡❜,❛ ❛44♦❝✐❛)✐✈❛ ❧✐✈,❡ ♥6♦✲✉♥✐)-,✐❛✱ ❧✐✈,❡♠❡♥)❡ ❣❡,❛❞❛
♣♦, X✳ ❙❡❥❛ I ♦ ✐❞❡❛❧ ❜✐❧❛)❡,❛❧ ❞❡ K〈X〉 ❣❡,❛❞♦ ♣❡❧♦4 ♣♦❧✐♥:♠✐♦4 {xixj+xjxi | i, j ≥ 1}✳ ❆
-❧❣❡❜,❛ H = K〈X〉/I < ❝❤❛♠❛❞❛ -❧❣❡❜,❛ ❞❡ ●,❛44♠❛♥♥✱ ♥6♦✲✉♥✐)-,✐❛✱ ❞❡ ✉♠ K✲♠?❞✉❧♦
❧✐✈,❡ ❞❡ ❞✐♠❡♥46♦ ✐♥✜♥✐)❛✳ ❆♥❛❧♦❣❛♠❡♥)❡ ❞❡✜♥❡✲4❡ ❛ -❧❣❡❜,❛ ❞❡ ●,❛44♠❛♥♥ ✉♥✐)-,✐❛ ❝♦♠♦
E = K1〈X〉/I✱ ♦♥❞❡ I < ♦ ✐❞❡❛❧ ❜✐❧❛)❡,❛❧ ❞❡ K1〈X〉 ❣❡,❛❞♦ ♣♦, {xixj + xjxi | i, j ≥ 1}✳
❙❡ ❡&❝.❡✈❡.♠♦& ei = xi + I✱ i = 1, 2, . . .✱ ❡♥/+♦ H /❡♠ ❛ &❡❣✉✐♥/❡ ❛♣.❡&❡♥/❛C+♦✿
H = 〈e1, e2, . . . | eiej = −ejei , i, j ≥ 1〉.
❯♠❛ ❜❛&❡ ❞❡ H ❝♦♠♦ K✲❡&♣❛C♦ ✈❡/♦.✐❛❧ , ♦ ❝♦♥❥✉♥/♦
{ei1ei2 · · · eik | i1 < i2 < · · · < ik, k > 0}.
❉❡✜♥✐%&♦ ✷✳✷✸✳ ❆ 4✉❜-❧❣❡❜,❛ Hn ❞❛ -❧❣❡❜,❛ H✱ ❣❡,❛❞❛ ♣♦, e1, e2, . . . , en✱ < ❝❤❛♠❛❞❛ ❞❡
-❧❣❡❜,❛ ❞❡ ●,❛44♠❛♥♥✱ ♥6♦✲✉♥✐)-,✐❛✱ ❞❡ ✉♠ K✲♠?❞✉❧♦ ❧✐✈,❡ ❞❡ ❞✐♠❡♥46♦ n✳
✷✸
▲♦❣♦✱ Hn &❡♠ ✉♠❛ ❛♣,❡-❡♥&❛/0♦
Hn = 〈e1, e2, . . . , en | eiej = −ejei , 1 ≤ i, j ≤ n〉,
❡ &❡♠ ❝♦♠♦ ✉♠❛ K✲❜❛-❡ ♦ ❝♦♥❥✉♥&♦
{ei1ei2 · · · eik | 1 ≤ i1 < i2 < · · · < ik ≤ n}.
❆ -❡❣✉✐,✱ ❞❡✜♥✐,❡♠♦- 9❧❣❡❜,❛- G✲❣,❛❞✉❛❞❛-✱ ♦♥❞❡ G ; ✉♠ ❣,✉♣♦✱ ❡ ✈❡,❡♠♦- =✉❡ H
&❡♠ ✉♠❛ Z2✲❣,❛❞✉❛/0♦ ♥❛&✉,❛❧✳
❉❡✜♥✐%&♦ ✷✳✷✹✳ ❙❡❥❛ G ✉♠ ❣'✉♣♦✳ ❯♠❛ K✲-❧❣❡❜'❛ R 0 G✲❣'❛❞✉❛❞❛ 2❡ ❛❞♠✐4❡ ✉♠❛
❞❡❝♦♠♣♦2✐67♦ ❝♦♠♦ ✉♠❛ 2♦♠❛ ❞✐'❡4❛ R =
⊕
g∈G
Rg✱ ♦♥❞❡ ❝❛❞❛ Rg 0 ✉♠ K✲2✉❜♠:❞✉❧♦ ❞❡ R ❡
Rg1Rg2 ⊆ Rg1g2✱ ♣❛'❛ 4♦❞♦2 g1, g2 ∈ G✳ ❖2 2✉❜♠:❞✉❧♦2 Rg 27♦ ❝❤❛♠❛❞♦2 2✉❜♠:❞✉❧♦2
❤♦♠♦❣=♥❡♦2 ❞❡ R✳




Ig, ♦♥❞❡ Ig = I ∩Rg.
❙❡❥❛ I ✉♠ ✐❞❡❛❧ G✲❣,❛❞✉❛❞♦ ❞❡ ✉♠❛ 9❧❣❡❜,❛ G✲❣,❛❞✉❛❞❛ R✳ ❆ 9❧❣❡❜,❛ R/I &❛♠✲
❜;♠ ; ✉♠❛ 9❧❣❡❜,❛ G✲❣,❛❞✉❛❞❛✱ ❝♦♠ (R/I)g = {r + I|r ∈ Rg} -❡♥❞♦ -❡✉- -✉❜♠@❞✉❧♦-
❤♦♠♦❣B♥❡♦-✳
❉❡✜♥✐%&♦ ✷✳✷✻✳ ❯♠ ❤♦♠♦♠♦'✜2♠♦ φ : R → R′ ❡♥4'❡ -❧❣❡❜'❛2 G✲❣'❛❞✉❛❞❛2 0 G✲
❣'❛❞✉❛❞♦ 2❡ φ(Rg) ⊆ R
′
g ♣❛'❛ 4♦❞♦ g ∈ G✳
❆ 9❧❣❡❜,❛ ❞❡ ●,❛--♠❛♥♥ H ; ✉♠❛ 9❧❣❡❜,❛ Z2✲❣,❛❞✉❛❞❛✳ ❉❡ ❢❛&♦✱ -❡❥❛
H0 = span{ei1ei2 · · · ei2k |i1 < i2 < · · · < ik, k > 0}
❡
H1 = span{ei1ei2 · · · ei2k+1 |i1 < i2 < · · · < ik, k ≥ 0}
❆--✐♠✱ H = H0 ⊕ H1✳ ❖ -✉❜♠@❞✉❧♦ H0 ; ❝❤❛♠❛❞♦ ❞❡ ♣❛,&❡ ♣❛, ❞❡ H ❡ H1 ❞❡ ♣❛,&❡
G♠♣❛,✳
✷✹
❙❡❥❛♠ Y ❡ Z ❝♦♥❥✉♥+♦, ✐♥✜♥✐+♦, ❡♥✉♠❡/0✈❡✐, ❞✐,❥✉♥+♦, ❡ ,❡❥❛ K ✉♠ ❞♦♠3♥✐♦ ❞❡ ✐♥+❡✲
❣/✐❞❛❞❡ ❞❡ ❝❛/❛❝+❡/3,+✐❝❛ p > 2✳ ❆ 0❧❣❡❜/❛ ❧✐✈/❡ K〈Y, Z〉✱ ❧✐✈/❡♠❡♥+❡ ❣❡/❛❞❛ ♣♦/ Y ∪ Z✱ <
❝❤❛♠❛❞❛ ❞❡ 0❧❣❡❜/❛ ❧✐✈/❡ Z2✲❣/❛❞✉❛❞❛✳ ❉❡ ❢❛+♦✱ K〈Y, Z〉 +❡♠ ✉♠❛ Z2✲❣/❛❞✉❛@A♦ ♥❛+✉/❛❧
K〈Y, Z〉 = K〈Y, Z〉0 ⊕K〈Y, Z〉1✱
♦♥❞❡ K〈Y, Z〉0 ✭/❡,♣❡❝+✐✈❛♠❡♥+❡ K〈Y, Z〉1✮ < ♦ ,✉❜❡,♣❛@♦ ❣❡/❛❞♦ ♣♦/ +♦❞♦, ♦, ♠♦♥D♠✐♦,
E✉❡ ❝♦♥+❡♠ ✉♠ ♥F♠❡/♦ ♣❛/ ✭/❡,♣❡❝+✐✈❛♠❡♥+❡ 3♠♣❛/✮ ❞❡ ✈❛/✐0✈❡✐, ❞❡ Z✳
❆❣♦/❛ ♣♦❞❡♠♦, ❞❡✜♥✐/ ✐❞❡♥+✐❞❛❞❡, ♣♦❧✐♥♦♠✐❛✐, Z2✲❣/❛❞✉❛❞❛,✳
❉❡✜♥✐%&♦ ✷✳✷✼✳ ❙❡❥❛ f(y1, . . . , yn, z1, . . . , zm) ∈ K〈Y, Z〉 ❡ $❡❥❛ R = R0
⊕
R1 ✉♠❛ '❧❣❡✲
❜,❛ Z2✲❣,❛❞✉❛❞❛✳ ❖ ♣♦❧✐♥4♠✐♦ f 5 ✉♠❛ ✐❞❡♥6✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ Z2✲❣,❛❞✉❛❞❛ ❞❛ '❧❣❡❜,❛ R
$❡ f(r1, . . . , rn, r
′
1, . . . , r
′
m) = 0 ♣❛,❛ 6♦❞♦$ r1, . . . , rn ∈ R0 ❡ r
′
1, . . . , r
′
m ∈ R1✳
❊①❡♠♣❧♦ ✷✳✷✽✳ ❆ '❧❣❡❜,❛ ❞❡ ●,❛$$♠❛♥♥ H $❛6✐$❢❛③ ❛$ ✐❞❡♥6✐❞❛❞❡$ Z2✲❣,❛❞✉❛❞❛$ [y1, y2]
❡ [y1, z1]✱ ♣♦✐$ ♦$ ❡❧❡♠❡♥6♦$ ❞❡ H0 $<♦ ❝❡♥6,❛✐$ ❡♠ H✳
❆, ,❡❣✉✐♥+❡, ♣/♦♣♦,✐@G❡, ♠♦,+/❛♠ E✉❡ H ,❛+✐,❢❛③ ♦✉+/❛, ✐❞❡♥+✐❞❛❞❡, Z2✲❣/❛❞✉❛❞❛,✳
12♦♣♦3✐%&♦ ✷✳✷✾✳ ❆ '❧❣❡❜,❛ ❞❡ ●,❛$$♠❛♥♥ H $❛6✐$❢❛③ ❛ ✐❞❡♥6✐❞❛❞❡ Z2✲❣,❛❞✉❛❞❛
z1z2 + z2z1✳
❉❡♠♦♥$6,❛?<♦✳ ❖ /❡,✉❧+❛❞♦ ,❡❣✉❡ ❞❛ ✐❣✉❛❧❞❛❞❡
ei1ei2 · · · eikej1ej2 · · · ejl = (−1)
klej1ej2 · · · ejlei1ei2 · · · eik .
❉❡ ❢❛+♦✱ +♦❞♦ ❡❧❡♠❡♥+♦ ❞❡ H1 < ❝♦♠❜✐♥❛@A♦ ❧✐♥❡❛/ ❞❡ ♠♦♥D♠✐♦, ❞❡ ❝♦♠♣/✐♠❡♥+♦ 3♠♣❛/ ❡
,❡ k ❡ l ,A♦ 3♠♣❛/❡,✱ ❡♥+A♦ lk < 3♠♣❛/✳
12♦♣♦3✐%&♦ ✷✳✸✵✳ ❆ '❧❣❡❜,❛ ❞❡ ●,❛$$♠❛♥♥ H $❛6✐$❢❛③ ❛ ✐❞❡♥6✐❞❛❞❡ yp1✳
❉❡♠♦♥$6,❛?<♦✳ ❙❡❥❛ u = m1 +m2✱ ♦♥❞❡ m1 ❡ m2 ,A♦ ♠♦♥D♠✐♦, ❞❡ ❝♦♠♣/✐♠❡♥+♦ ♣❛/ ❡♠
H✳ ❈♦♠♦ m1 ❡ m2 ❝♦♠✉+❛♠ +❡♠♦,
up = (m1 +m2)
p
= mp1 + α1m
p−1










✱ i = 1, . . . , p− 1✳ ❈♦♠♦ ❛ ❝❛/❛❝+❡/3,+✐❝❛ ❞❡ K < p ❡ ♦, αi ,A♦ ♠F❧+✐♣❧♦, ❞❡
p✱ +❡♠♦, E✉❡ up = mp1 +m
p
2 = 0✳ K/♦❝❡❞❡♥❞♦ ♣♦/ ✐♥❞✉@A♦✱ ,❡❥❛ u = m1 + . . . +mk ∈ H✱
✷✺
k > 2 ♦♥❞❡ m1, . . . ,mk &'♦ ♠♦♥)♠✐♦& ❞❡ ❝♦♠♣-✐♠❡♥.♦ ♣❛- ❡♠ H✳ ❙✉♣♦♥❤❛ 4✉❡ (u
′)p = 0✱
♦♥❞❡ u′ = m1 + . . .+mk−1✳ ❆&&✐♠




❈♦♠♦ .♦❞♦ ❡❧❡♠❡♥.♦ ❞❡ H0 9 ❝♦♠❜✐♥❛;'♦ ❧✐♥❡❛- ❞❡ ♠♦♥)♠✐♦& ❞❡ ❝♦♠♣-✐♠❡♥.♦ ♣❛-✱ ♦
-❡&✉❧.❛❞♦ &❡❣✉❡✳
❆❣♦-❛✱ ❝♦♠♦ K〈Y, Z〉 9 ❛ =❧❣❡❜-❛ ❛&&♦❝✐❛.✐✈❛ ❧✐✈-❡ Z2✲❣-❛❞✉❛❞❛✱ ❞❛❞❛ ✉♠❛ =❧❣❡❜-❛
Z2✲❣-❛❞✉❛❞❛ R = R0
⊕
R1✱ .♦❞❛ ❛♣❧✐❝❛;'♦









i ∈ R0 ❡ g
(1)
i ∈ R1✱ ♣♦❞❡ &❡- ❡&.❡♥❞✐❞❛ ❞❡ ♠❛♥❡✐-❛ @♥✐❝❛ ❛ ✉♠ ❤♦♠♦♠♦-✜&♠♦
Z2✲❣-❛❞✉❛❞♦ K〈Y, Z〉 → R✳
❉❡✜♥✐%&♦ ✷✳✸✶✳ ❙❡❥❛ I ✉♠ ✐❞❡❛❧ ❜✐❧❛*❡+❛❧ Z2✲❣+❛❞✉❛❞♦ ❞❡ K〈Y, Z〉✳ ❖ ✐❞❡❛❧ I 1 ✉♠
T2✲✐❞❡❛❧ 2❡ φ(I) ⊆ I ♣❛+❛ *♦❞♦ ❡♥❞♦♠♦+✜2♠♦ Z2✲❣+❛❞✉❛❞♦ ❞❡ K〈Y, Z〉✳
❉❛❞❛ ✉♠❛ =❧❣❡❜-❛ Z2✲❣-❛❞✉❛❞❛ R✱ &❡❥❛
T2(R) = {f ∈ K〈Y, Z〉|f 9 ✐❞❡♥.✐❞❛❞❡ Z2✲❣-❛❞✉❛❞❛ ❞❡ R}.
❖ ✐❞❡❛❧ T2(R) 9 ✉♠ T2✲✐❞❡❛❧✳ ❚❛♠❜9♠ T2(R) =
⋂
φ∈Ω ker(φ)✱ ♦♥❞❡ Ω 9 ♦ ❝♦♥❥✉♥.♦ ❞❡
.♦❞♦& ♦& ❤♦♠♦♠♦-✜&♠♦& Z2✲❣-❛❞✉❛❞♦& ❞❡ K〈Y, Z〉 ❡♠ R✳
❉❡✜♥✐%&♦ ✷✳✸✷✳ ❙❡❥❛ I ✉♠ T2✲✐❞❡❛❧ ❞❡ K〈Y, Z〉✳ ❆ ✈❛+✐❡❞❛❞❡ ❞❡ 8❧❣❡❜+❛2 Z2✲❣+❛❞✉❛❞❛2
❞❡*❡+♠✐♥❛❞❛ ♣♦+ I 1 ❛ ❝❧❛22❡ ❞❡ *♦❞❛2 ❛2 8❧❣❡❜+❛2 Z2✲❣+❛❞✉❛❞❛2 R *❛✐2 :✉❡ I ⊆ T2(R)✳
❊♠ =❧❣❡❜-❛& Z2✲❣-❛❞✉❛❞❛&✱ .❛♠❜9♠ .❡♠♦& ❛ ❡①✐&.H♥❝✐❛ ❞❡ =❧❣❡❜-❛ -❡❧❛.✐✈❛♠❡♥.❡ ❧✐✈-❡
Z2✲❣-❛❞✉❛❞❛✳
✷✻
 !♦♣♦$✐&'♦ ✷✳✸✸✳ ❙❡❥❛ K〈Y, Z〉 ❛ $❧❣❡❜(❛ ❛))♦❝✐❛-✐✈❛ ❧✐✈(❡ Z2✲❣(❛❞✉❛❞❛✳ ❙❡❥❛ VI ❛ ✈❛(✐✲
❡❞❛❞❡ ❞❡-❡(♠✐♥❛❞❛ ♣♦( ✉♠ T2✲✐❞❡❛❧ I ∈ K〈Y, Z〉✳ ❊♥-7♦ K〈Y, Z〉/I 8 ✉♠❛ $❧❣❡❜(❛ (❡❧❛-✐✲
✈❛♠❡♥-❡ ❧✐✈(❡ Z2✲❣(❛❞✉❛❞❛✱ ❧✐✈(❡♠❡♥-❡ ❣❡(❛❞❛ ♣♦( Y ∪ Z = {y + I, z + I | y ∈ Y, z ∈ Z}✱
♥❛ ❝❧❛))❡ VI ✳
❉❡♠♦♥)-(❛;7♦✳ ❆ ❞❡♠♦♥()*❛,-♦ . ❛♥/❧♦❣❛ ❛♦ ❝❛(♦ ❞❡ /❧❣❡❜*❛( ♥-♦✲❣*❛❞✉❛❞❛(✳
▲♦❣♦✱ (❡ R . ✉♠❛ /❧❣❡❜*❛ Z2✲❣*❛❞✉❛❞❛ 9✉❡ ♣❡*)❡♥❝❡ ; ✈❛*✐❡❞❛❞❡ VI ✱ ❡♥)-♦ )♦❞❛
❛♣❧✐❝❛,-♦
Y ∪ Z → R
yi + I 7→ g
(0)
i





i ∈ R0✱ g
(1)
i ∈ R1✱ ♣♦❞❡ (❡* ❡()❡♥❞✐❞❛ ❛ ✉♠ ❤♦♠♦♠♦*✜(♠♦ ❞❡ /❧❣❡❜*❛(
Z2✲❣*❛❞✉❛❞❛( K〈Y, Z〉/I → R✳
❖ ♣*A①✐♠♦ )❡♦*❡♠❛ ♠♦()*❛ ❝♦♠♦ ♦ ❝♦♥❤❡❝✐♠❡♥)♦ ❞❛( ✐❞❡♥)✐❞❛❞❡( Z2✲❣*❛❞✉❛❞❛( ♣♦❞❡
❛❥✉❞❛* ❛ ❡♥❝♦♥)*❛* ❛( ✐❞❡♥)✐❞❛❞❡ ♦*❞✐♥/*✐❛( ❞❡ ✉♠❛ ❞❛❞❛ /❧❣❡❜*❛ R✳
❚❡♦!❡♠❛ ✷✳✸✹✳ ❙❡❥❛♠ R = R0 ⊕ R1 ✉♠❛ $❧❣❡❜(❛ Z2✲❣(❛❞✉❛❞❛ ❡ T2(R) ♦ T2✲✐❞❡❛❧ ❞❛)
✐❞❡♥-✐❞❛❞❡) ❞❡ R✳ ❙❡❥❛ D ❛ )✉❜$❧❣❡❜(❛ ❞❡ K〈Y, Z〉/T2(R) ❣❡(❛❞❛ ♣♦( xi + T2(R) ♦♥❞❡
xi = yi + zi✳ ❊♥-7♦ D 8 ❛ $❧❣❡❜(❛ (❡❧❛-✐✈❛♠❡♥-❡ ❧✐✈(❡ ❞❛ ✈❛(✐❡❞❛❞❡ ❞❡-❡(♠✐♥❛❞❛ ♣♦( R✱
✐)-♦ 8✱ D ≃ K〈X〉/T (R)✳
❉❡♠♦♥)-(❛;7♦✳ ❙❡❥❛♠ T2 = T2(R) ❡ X + T2 = {xi + T2}✳ E*✐♠❡✐*♦ ✈❛♠♦( ♠♦()*❛* 9✉❡
)♦❞❛ ❛♣❧✐❝❛,-♦ X + T2 → R ♣♦❞❡ (❡* ❡()❡♥❞✐❞❛ ❛ ✉♠ ❤♦♠♦♠♦*✜(♠♦ D → R✳ ❙✉♣♦♥❤❛
❡♥)-♦ 9✉❡ )❡♠♦( ✉♠❛ ❛♣❧✐❝❛,-♦
θ : X + T2 → R
xi + T2 7→ gi








i ♣❡*)❡♥❝❡♠ ❛ ♣❛*)❡ ♣❛* ❡ G♠♣❛* ❞❡ R✱
*❡(♣❡❝)✐✈❛♠❡♥)❡✳ ❉❡✜♥❛ ♦ ❤♦♠♦♠♦*✜(♠♦ Z2✲❣*❛❞✉❛❞♦
φ : K〈Y, Z〉/T2 → R
yi + T2 7→ g
(0)
i




❆ #❡%&#✐()♦ ❞❡ φ ❛ D✱ φ|D✱ . ✉♠ ❤♦♠♦♠♦#✜%♠♦✳ ❆❧.♠ ❞✐%%♦✱ φ(xi + T2) = gi✱ ✐%&♦ .✱ φ|D
❡%&❡♥❞❡ θ✳
❱❡♠♦% 7✉❡ &♦❞♦ ❤♦♠♦♠♦#✜%♠♦ ❞❡ D → R . #❡%&#✐()♦ ❞❡ ✉♠ ❤♦♠♦♠♦#✜%♠♦ Z2✲
❣#❛❞✉❛❞♦ K〈Y, Z〉/T2 → R✳ ❚❛♠❜.♠✱ &♦❞♦ ❤♦♠♦♠♦#✜%♠♦ K〈Y, Z〉/T2 → R ❞❡✜♥❡ ✉♠







♦♥❞❡ {θ : D → R} %)♦ &♦❞♦% ♦% ❤♦♠♦♠♦#✜%♠♦% ❞❡ D ❡♠ R ❡ {φ : K〈Y, Z〉/T2 → R} %)♦
&♦❞♦% ❤♦♠♦♠♦#✜%♠♦% Z2✲❣#❛❞✉❛❞♦% ❞❡ K〈Y, Z〉/T2 ❡♠ R✳ ◆♦&❡ 7✉❡ ❡%%❛ >❧&✐♠❛ ✐❣✉❛❧✲
❞❛❞❡ . ③❡#♦ ♣♦#7✉❡ K〈Y, Z〉/T2 . ❛ A❧❣❡❜#❛ #❡❧❛&✐✈❛♠❡♥&❡ ❧✐✈#❡ Z2✲❣#❛❞✉❛❞❛ ❞❛ ✈❛#✐❡❞❛❞❡




✐♠♣❧✐❝❛ 7✉❡ D ≃ K〈X〉/T (R)✳
✷✽
❈❛♣#$✉❧♦ ✸
➪❧❣❡❜-❛ ❞❡ ●-❛00♠❛♥♥ ♥3♦✲✉♥✐$6-✐❛ ❞❡
❞✐♠❡♥03♦ ✐♥✜♥✐$❛
◆❡$%❡ ❝❛♣)%✉❧♦✱ ❡$%✉❞❛/❡♠♦$ ❛ 1❧❣❡❜/❛ ❞❡ ●/❛$$♠❛♥♥ ♥6♦✲✉♥✐%1/✐❛ ❞❡ ❞✐♠❡♥$6♦ ✐♥✜♥✐%❛
$♦❜/❡ ✉♠ ❞♦♠)♥✐♦ ❞❡ ✐♥%❡❣/✐❞❛❞❡ K ❞❡ ❝❛/❛❝%❡/)$%✐❝❛ ♣/✐♠❛ p > 2✳ ❉❡♠♦♥$%/❛/❡♠♦$ ♥♦$$♦
/❡$✉❧%❛❞♦ ♣/✐♥❝✐♣❛❧✱ <✉❡ ❞✐③ <✉❡ ❛ 1❧❣❡❜/❛ /❡❧❛%✐✈❛♠❡♥%❡ ❧✐✈/❡ ❞❛ ✈❛/✐❡❞❛❞❡ ❞❡ 1❧❣❡❜/❛$
❛$$♦❝✐❛%✐✈❛$ ❞❡%❡/♠✐♥❛❞❛ ♣♦/ T (H) ♣♦❞❡ $❡/ ♠❡/❣✉❧❤❛❞❛ ❡♠ H✳ ❋❛/❡♠♦$ ✐$$♦ ❡①✐❜✐♥❞♦
✉♠ ❤♦♠♦♠♦/✜$♠♦ Z2✲❣/❛❞✉❛❞♦ ✐♥❥❡%♦/ ❞❡ K〈Y, Z〉/T2(H) ❡♠ H✳ ❆ $❡❣✉✐/✱ $❡ D D ❛
$✉❜1❧❣❡❜/❛ ❞❡ K〈Y, Z〉/T2(H) ❣❡/❛❞❛ ♣♦/ xi + T2(H)✱ ♦♥❞❡ xi = yi + zi✱ ❡♥%6♦ D ≃
K〈X〉/T (H)✱ ✐$%♦ D✱ D D ❛ 1❧❣❡❜/❛ /❡❧❛%✐✈❛♠❡♥%❡ ❧✐✈/❡ ❞❛ ✈❛/✐❡❞❛❞❡ ❞❡%❡/♠✐♥❛❞❛ ♣♦/ T (H)✳
▼♦$%/❛/❡♠♦$ <✉❡ ❛ $✉❜1❧❣❡❜/❛ D ♣♦❞❡ $❡/ ♠❡/❣✉❧❤❛❞❛ ❡♠ H✳ ❯$❛♥❞♦ ❡$$❡ ♠❡/❣✉❧❤♦✱
❡♥❝♦♥%/❛/❡♠♦$ ❞❡ ❢♦/♠❛ $✐♠♣❧❡$ ✉♠ ❝♦♥❥✉♥%♦ ❣❡/❛❞♦/ ♣❛/❛ ♦ T ✲✐❞❡❛❧ ❞❛$ ✐❞❡♥%✐❞❛❞❡$
♦/❞✐♥1/✐❛$ ❞❡ H ❡ ✉♠❛ K✲❜❛$❡ ♣❛/❛ ♦ K✲♠H❞✉❧♦ ❧✐✈/❡ K〈X〉/T (H)✱ /❡$✉❧%❛❞♦$ ❥1 ♦❜%✐❞♦$
❡♠ ❬✽❪ ❡ ❬✷✹❪✱ /❡$♣❡❝%✐✈❛♠❡♥%❡✱ <✉❛♥❞♦ K D ✉♠ ❝♦/♣♦✳
✸✳✶ ■❞❡♥'✐❞❛❞❡* Z2✲❣-❛❞✉❛❞❛* ❞❡ H
❙❡❥❛ K ✉♠ ❞♦♠)♥✐♦ ❞❡ ✐♥%❡❣/✐❞❛❞❡ ❞❡ ❝❛/❛❝%❡/)$%✐❝❛ ♣/✐♠❛ p > 2✳ ❙❡❥❛♠ Y ❡ Z ❝♦♥❥✉♥✲
%♦$ ✐♥✜♥✐%♦$ ❡♥✉♠❡/1✈❡✐$ ❞✐$❥✉♥%♦$ ❡ K〈Y, Z〉 ❛ K✲1❧❣❡❜/❛ ❛$$♦❝✐❛%✐✈❛ ❧✐✈/❡
Z2✲❣/❛❞✉❛❞❛✳ ❉❡✜♥✐♠♦$ A = K〈Y, Z〉/T2✱ ♦♥❞❡ T2 D ♦ T2✲✐❞❡❛❧ ❞❡ K〈Y, Z〉 ❣❡/❛❞♦ ♣❡❧♦$
$❡❣✉✐♥%❡$ ♣♦❧✐♥M♠✐♦$✿




➱ ❢$❝✐❧ ✈❡*✐✜❝❛* -✉❡ ✉♠ ❝♦♥❥✉♥3♦ ❣❡*❛❞♦* ❞❡ A ✈✐63♦ ❝♦♠♦ K✲♠8❞✉❧♦ 9 ❢♦*♠❛❞♦ ♣❡❧♦6
♠♦♥;♠✐♦6
ym1i1 · · · y
mk
ik
zj1 · · · zjl + T2, ✭✸✳✷✮
♦♥❞❡ i1 < . . . < ik✱ j1 < . . . < jl❀ 0 < m1, . . . ,mk < p❀ k, l ≥ 0 ❡ k + l > 0✳ ❉❡ ❢❛3♦✱
✉♠❛ K✲❜❛6❡ ❞♦ K✲♠8❞✉❧♦ ❧✐✈*❡ K〈Y, Z〉 9 ❢♦*♠❛❞❛ ♣♦* 3♦❞♦6 ♦6 ♠♦♥;♠✐♦6 ❡♠ Y ❡ Z✳ ❆6
*❡❧❛EF❡6 [y1, y2] ❡ [y1, z1] 6✐❣♥✐✜❝❛♠ -✉❡ ♦6 ❡❧❡♠❡♥3♦6 yi+T2 6G♦ ❝❡♥3*❛✐6 ❡♠ A ❡ ❛ *❡❧❛EG♦
z1 ◦ z2 ✐♠♣❧✐❝❛ -✉❡ ♦6 ❡❧❡♠❡♥3♦6 zi + T2 ❛♥3✐✲❝♦♠✉3❛♠ ❡ -✉❡ z
2
i + T2 = 0✳ H♦*3❛♥3♦ 6❡
u = u(yi1 , . . . , yik , zj1 , . . . , zjl) 9 ✉♠ ♠♦♥;♠✐♦ ❞❡ K〈Y, Z〉✱ ❡♥3G♦ ♣♦❞❡♠♦6 *❡♦*❞❡♥❛* ❛6
✈❛*✐$✈❡✐6 ❞❡ u+ T2 ❞❡ ♠♦❞♦ -✉❡
u+ T2 = y
m1
i1
· · · ymkik zj1 · · · zjl + T2,
♦♥❞❡ i1 < . . . < ik✱ j1 < . . . < jl❀ 0 < m1, . . . ,mk < p❀ k, l ≥ 0 ❡ k + l > 0✳
❆❣♦*❛ ❡6❝*❡✈❡*❡♠♦6 ✉♠❛ ❜❛6❡ ♣❛*❛ H ✈✐63♦ ❝♦♠♦ K✲♠8❞✉❧♦ ❧✐✈*❡ ❞❛ 6❡❣✉✐♥3❡ ❢♦*♠❛✳
❉✐✈✐❞✐♠♦6 ♦6 ❣❡*❛❞♦*❡6 ❞❡ H ❡♠ ❞♦✐6 6✉❜❝♦♥❥✉♥3♦6
e1, e2, . . . ; f1, f2, . . .✳
❉❡✜♥✐♠♦6 ❛ 6❡❣✉✐♥3❡ ♦*❞❡♠ ♥♦6 ❣❡*❛❞♦*❡6✿
e1 < e2 < e3 < . . .❀ f1 < f2 < f3 < . . .❀ ei < fj✱ ♣❛*❛ 3♦❞♦6 i, j✳
▲♦❣♦✱ ♦ ❝♦♥❥✉♥3♦
{ei1ei2 · · · eikfj1fj2 · · · fjl | i1 < . . . < ik, j1 < . . . < jl, k + l > 0}
❢♦*♠❛ ✉♠❛ ❜❛6❡ ♣❛*❛ H ✈✐63♦ ❝♦♠♦ K✲♠8❞✉❧♦ ❧✐✈*❡✳
◆♦ ❝❛♣L3✉❧♦ ✷ ✈✐♠♦6 -✉❡ H✱ ❝♦♠♦ $❧❣❡❜*❛ Z2✲❣*❛❞✉❛❞❛✱ 6❛3✐6❢❛③ ❛6 ✐❞❡♥3✐❞❛❞❡6 ✭✸✳✶✮✳
❆66✐♠✱ H ♣❡*3❡♥❝❡ O ✈❛*✐❡❞❛❞❡ ❞❡3❡*♠✐♥❛❞❛ ♣♦* T2✳ ❱❛♠♦6 ❞❡♠♦♥63*❛* ♦ 6❡❣✉✐♥3❡ 3❡♦*❡♠❛
✭✈❡* ✐♥3*♦❞✉EG♦✮✳
❚❡♦#❡♠❛ ✶✳✹ ❙❡❥❛ K ✉♠ ❞♦♠(♥✐♦ ❞❡ ✐♥+❡❣-✐❞❛❞❡ ❞❡ ❝❛-❛❝+❡-(/+✐❝❛ p > 2✳ ❆ 2❧❣❡❜-❛
-❡❧❛+✐✈❛♠❡♥+❡ ❧✐✈-❡ Z2✲❣-❛❞✉❛❞❛ A✱ ❞❛ ✈❛-✐❡❞❛❞❡ ❞❡+❡-♠✐♥❛❞❛ ♣♦- T2✱ ♣♦❞❡ /❡- ✐♠❡-/❛ ❡♠
H✱ ✐/+♦ 9✱ A ⊂ H✳
✸✵
❉❡♠♦♥%&'❛)*♦✳ ❉❡♠♦♥'()❛)❡♠♦' ❡''❡ (❡♦)❡♠❛ ❡①✐❜✐♥❞♦ ✉♠ ❤♦♠♦♠♦)✜'♠♦ Z2✲❣)❛❞✉❛❞♦
✐♥❥❡(♦) ❞❡ A ❡♠ H✳ ❙❡❥❛
φ : A −→ H
φ(zi + T2) = fi
φ(yi + T2) = eλi+1eλi+2 + eλi+3eλi+4 + . . .+ eλi+(2p−3)eλi+(2p−2),
♦♥❞❡ λi = (i − 1)(2p − 2)✳ ◆♦(❡ 8✉❡ ❜❛'(❛ ❞❡✜♥✐)♠♦' φ ♥♦' ❣❡)❛❞♦)❡' ❧✐✈)❡' ❞❡ A✱ ♣♦✐'
H ♣❡)(❡♥❝❡ ❛ ✈❛)✐❡❞❛❞❡ ❞❡ >❧❣❡❜)❛' Z2✲❣)❛❞✉❛❞❛' ❞❡(❡)♠✐♥❛❞❛ ♣♦) T2 ❡ A ? ❛ >❧❣❡❜)❛
)❡❧❛(✐✈❛♠❡♥(❡ ❧✐✈)❡ Z2✲❣)❛❞✉❛❞❛ ❞❡''❛ ✈❛)✐❡❞❛❞❡✳
@)✐♠❡✐)♦✱ ♣❛)❛ m < p✱ φ(yi + T2)
m
? ❝♦♠❜✐♥❛AB♦ ❧✐♥❡❛) ❞❡ ❡❧❡♠❡♥(♦' ❞❛ K✲❜❛'❡ ❞❡ H
❞❡ ❝♦♠♣)✐♠❡♥(♦ 2m✱
er1er2 · · · er2m−1er2m
♦♥❞❡ rj ∈ {λ+ 1, λ+ 2, . . . , λ+ (2p− 2)}✱ r1 < . . . < r2m✳
❙✉♣♦♥❤❛ 8✉❡ φ(
∑
αsus + T2) = 0✱ ♦♥❞❡
us + T2 = y
ms1
is1
· · · ymskisk zjs1 · · · zjsl + T2
'B♦ ♠♦♥C♠✐♦' ♥♦ ❝♦♥❥✉♥(♦ ✭✸✳✷✮ ❡ αs ∈ K✳ ❆''✐♠
φ(us + T2) = (
∑
r(1)
αr1wir(1)) · · · (
∑
r(k)
αr(k)wir(k))fjs1 · · · fjsl
=
∑
α(r(1),...,r(k))wir(1) · · ·wir(k)fjs1 · · · fjsl
♦♥❞❡ wir(j) 'B♦ ♠♦♥C♠✐♦' ❞❛ K✲❜❛'❡ ❞❡ H ❡♠ eλisj+1, eλisj+2, . . . , eλisj+(2p−3), eλisj+(2p−2)✱
❞❡ ❝♦♠♣)✐♠❡♥(♦ 2msj✱ ❝♦♠ λisj = (isj−1)(2p−2)✳ ▲♦❣♦ ♦' ❡❧❡♠❡♥(♦' wir(1) · · ·wir(k)fjs1 · · · fjsl
❡'(B♦ ♥❛ ❜❛'❡ ❧✐♥❡❛) ❞❡ H✱ ♣♦✐' ❝❛❞❛ wr(j) ❞❡♣❡♥❞❡ ❞♦' I♥❞✐❝❡' isj✱ 8✉❡ ❡'(B♦ ♦)❞❡♥❛❞♦'✳
❆❧?♠ ❞✐''♦✱ ❝❛❞❛ wrj (❛♠❜?♠ ❞❡♣❡♥❞❡ ❞♦ ❡①♣♦❡♥(❡ msj✳ ❈♦♠ ✐''♦ (❡♠♦' 8✉❡ ♦' ♠♦♥C✲
♠✐♦' wir(1) · · ·wir(k)fjs1 · · · fjsl 'B♦ ✉♥✐❝❛♠❡♥(❡ ❞❡(❡)♠✐♥❛❞♦' ♣♦) us + T2✱ ✐'(♦ ?✱ ❡❧❡' 'B♦
❧✐♥❡❛)♠❡♥(❡ ✐♥❞❡♣❡♥❞❡♥(❡' ❡♠ H✳
φ(
∑




α(r(1),...,r(k))wir(1) · · ·wir(k)fjs1 · · · fjsl )
=
∑
αsα(r(1),...,r(k))wir(1) · · ·wir(k)fjs1 · · · fjsl
= 0
✸✶
✐♠♣❧✐❝❛ (✉❡ αs = 0✱ ♣♦✐- ♦- wir(1) · · ·wir(k)fjs1 · · · fjsl -.♦ ❞✐-0✐♥0♦- ❡ ♣❡20❡♥❝❡♠ ❛ ❜❛-❡ ❞❡
H✱ ❡ ♦- α(r(1),...,r(k)) 6= 0✳ ▲♦❣♦✱ φ 7 ✐♥❥❡0♦2❛✳
❖- -❡❣✉✐♥0❡- 2❡-✉❧0❛❞♦- ♣2♦✈❛✈❡❧♠❡♥0❡ -.♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦- (✉❛♥❞♦ K 7 ✉♠ ❝♦2♣♦✱
♠❛- ♥.♦ ❝♦♥-❡❣✉✐♠♦- ❡♥❝♦♥02❛2 ❛- 2❡❢❡2=♥❝✐❛-✳
❈♦"♦❧$"✐♦ ✸✳✶✳ A  ✉♠ K✲♠$❞✉❧♦ ❧✐✈*❡ ❝♦♠ ✉♠❛ K✲❜❛/❡ ❢♦*♠❛❞❛ ♣❡❧♦/ ♠♦♥3♠✐♦/
ym1i1 · · · y
mk
ik
zj1 · · · zjl + T2,
♦♥❞❡ i1 < . . . < ik✱ j1 < . . . < jl❀ 0 < m1, . . . ,mk < p❀ k, l ≥ 0 ❡ k + l > 0✳
❉❡♠♦♥/8*❛9:♦✳ >❡❧♦ 0❡♦2❡♠❛ ❛♥0❡2✐♦2✱ ❛- ✐♠❛❣❡♥- ❞♦- ♠♦♥?♠✐♦- ym1i1 · · · y
mk
ik
zj1 · · · zjl +T2
♣❡❧❛ φ -.♦ ❧✐♥❡❛2♠❡♥0❡ ✐♥❞❡♣❡♥❞❡♥0❡- -♦❜2❡ K ❡♠ H✳ ❈♦♠♦ ❡❧❡- -.♦ ❣❡2❛❞♦2❡- ❞❡ A✱ ❡❧❡-
-.♦ ❧✐♥❡❛2♠❡♥0❡ ✐♥❞❡♣❡♥❞❡♥0❡- -♦❜2❡ K ❡♠ A✳
❈♦"♦❧$"✐♦ ✸✳✷✳ ❆/ ✐❞❡♥8✐❞❛❞❡/ ✭✸✳✶✮ ❢♦*♠❛♠ ✉♠❛ ❝♦♥❥✉♥8♦ ❣❡*❛❞♦* ♣❛*❛ ♦ T2✲✐❞❡❛❧ ❞❛/
✐❞❡♥8✐❞❛❞❡/ ❞❡ H✱ ✐/8♦  ✱ T2(H) = T2✳
❉❡♠♦♥/8*❛9:♦✳ ❈♦♠♦ A ⊆ H ♣❡❧♦ 0❡♦2❡♠❛ ❛♥0❡2✐♦2✱ 0❡♠♦- (✉❡ T2(H) ⊆ T2(A) = T2✳
▼❛- H -❛0✐-❢❛③ ✭✸✳✶✮✱ ❧♦❣♦ T2 ⊆ T2(H)✳ ❆--✐♠✱ T = T2(H)✳
✸✳✷ ■❞❡♥'✐❞❛❞❡* ❞❡ H
◆❡--❛ -❡G.♦✱ ✉-❛2❡♠♦- ♦ ❚❡♦2❡♠❛ ✶✳✹ ♣❛2❛ ❡♥❝♦♥02❛2 ✉♠❛ ❜❛-❡ ♣❛2❛ ❛- ✐❞❡♥0✐❞❛❞❡-
♦2❞✐♥J2✐❛- ❞❡ H ❡ ✉♠❛ K✲❜❛-❡ ♣❛2❛ ♦ (✉♦❝✐❡♥0❡ K〈X〉/T (H)✳ ❖ T ✲✐❞❡❛❧ ❞❛- ✐❞❡♥0✐❞❛❞❡-
❞❡ H ❥J ❢♦✐ ❞❡-❝2✐0♦ ❡♠ ❬✽❪ ♣♦2 ❈❤✐2✐♣♦✈ ❡ ❙✐❞❡2♦✈ (✉❛♥❞♦ K 7 ✉♠ ❝♦2♣♦✳
❙❡❥❛ V ♦ T ✲✐❞❡❛❧ ❞❡ K〈X〉 ❣❡2❛❞♦ ♣❡❧♦- ♣♦❧✐♥?♠✐♦- [x1, x2, x3] ❡ x
p
✳ ❖ -❡❣✉✐♥0❡ ❧❡♠❛ 7
❜❡♠ ❝♦♥❤❡❝✐❞♦ (✉❛♥❞♦ K 7 ✉♠ ❝♦2♣♦✳ ▼❛- ♦ ❧❡♠❛ ❝♦♥0✐♥✉❛ ✈❡2❞❛❞❡✐2♦ ♠❡-♠♦ (✉❛♥❞♦ K
7 ❞♦♠P♥✐♦ ❞❡ ✐♥0❡❣2✐❞❛❞❡✱ ❡ ❛ ❞❡♠♦♥-02❛G.♦ ♣❡2♠❛♥❡❝❡ ❛ ♠❡-♠❛ ✭✈❡2✱ ♣♦2 ❡①❡♠♣❧♦✱ ❬✶✵❪✮✳
▲❡♠❛ ✸✳✸✳ ❙❡❥❛ K ✉♠ ❞♦♠C♥✐♦ ❞❡ ✐♥8❡❣*✐❞❛❞❡ ❞❡ ❝❛*❛❝8❡*C/8✐❝❛ p > 2✳ D❛*❛ 8♦❞♦/
g1, g2, g3, g4 ∈ K〈X〉✱ 8❡♠♦/ ♦ /❡❣✉✐♥8❡✿
✐✮ ❖/ ❡❧❡♠❡♥8♦/ [g1, g2] + V /:♦ ❝❡♥8*❛✐/ ❡♠ K〈X〉/V ✳
✸✷
✐✐✮ [g1, g2][g3, g4] + V = −[g1, g3][g2, g4] + V ✳
✐✐✐✮ [g1, g2][g2, g3] + V = V ✳
❯!❛♥❞♦ ❡!!❡ ❧❡♠❛✱ ♣♦❞❡♠♦! ❡♥❝♦♥,-❛- ✉♠ ❝♦♥❥✉♥,♦ ❣❡-❛❞♦- ♣❛-❛ K〈X〉/V ✳
 !♦♣♦$✐&'♦ ✸✳✹✳ ❯♠ ❝♦♥❥✉♥*♦ ❣❡-❛❞♦- ❞❡ K〈X〉/V ✈✐1*♦ ❝♦♠♦ K✲♠3❞✉❧♦ 5
xm1i1 · · · x
mk
ik
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ] + V ✱
♦♥❞❡ k ≥ 0, l ≥ 0, k + l > 0, i1 < . . . < ik, j1 < . . . < jk, 0 < mi < p✳
❉❡♠♦♥1*-❛89♦✳ ❉❡ ❢❛,♦✱ ✉♠❛ ❜❛!❡ ❞❡ K〈X〉 5 ❝♦♠♣♦!,❛ ♣♦- ,♦❞♦! ♦! ♠♦♥6♠✐♦!
xi1xi2 · · · xik ,
♦♥❞❡ i1, . . . , ik !8♦ ✐♥,❡✐-♦! ♣♦!✐,✐✈♦!✳ ❈♦♠♦ [xi1 , xi2 ] + V 5 ❝❡♥,-❛❧ ❡♠ K〈X〉✱
xi1xi2 · · · xik + V = (xi2xi1 + [xi1 , xi2 ])xi3 · · · xik + V
= xi2xi1xi3 · · · xik + [xi1 , xi2 ]xi3 · · · xik + V
= xi2xi1xi3 · · · xik + xi3 · · · xik [xi1 , xi2 ] + V
❯!❛♥❞♦ ❡!!❡ ♣-♦❝❡❞✐♠❡♥,♦ ✈;-✐❛! ✈❡③❡! ❡ ♦ ❧❡♠❛ ✸✳✸✱ ♣♦❞❡♠♦! ❡!❝-❡✈❡- ❝❛❞❛ ♠♦♥6♠✐♦
xi1xi2 · · · xik + V ❝♦♠♦ ❝♦♠❜✐♥❛>8♦ ❧✐♥❡❛- ❞❡ ♣♦❧✐♥6♠✐♦! ❞♦ ,✐♣♦
xm1i′1
· · · xmki′
k
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ] + V
♦♥❞❡ i′1 < . . . < i
′
k✳ ❆ !❡❣✉✐-✱ ✉!❛♥❞♦ ♦! ✐,❡♥! (ii) ❡ (iii) ❞♦ ❧❡♠❛ ✭✸✳✸✮✱ ♣♦❞❡♠♦! ♦-❞❡♥❛-
♦! B♥❞✐❝❡! ❞❛ ♣❛-,❡ ❝♦♠✉,❛❞♦-
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ] + V
❞❡ ♠♦❞♦ C✉❡ j1 < . . . < j2l✳ ❆!!✐♠ ♣♦❞❡♠♦! ❡!❝-❡✈❡- ♦ ♠♦♥6♠✐♦ xi1xi2 · · · xik + V ❝♦♠♦
✉♠❛ ❝♦♠❜✐♥❛>8♦ ❧✐♥❡❛- ❞❡ ♣♦❧✐♥6♠✐♦!
xm1i′1
· · · xmki′
k
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ] + V
♦♥❞❡ i′1 < . . . < i
′
k✱ j1 < . . . < j2l✱ m1, . . . ,mk < p✱ k + l > 0✱ k, l ≥ 0✳
✸✸
❆❣♦$❛ &❡❥❛ D ❛ &✉❜+❧❣❡❜$❛ ❞❡ A ❣❡$❛❞❛ ♣♦$ xi + T2(H)✱ ♦♥❞❡ xi = yi + zi✳ ❈♦♠♦
❥+ ✈✐♠♦&✱ D 6 ❛ +❧❣❡❜$❛ $❡❧❛7✐✈❛♠❡♥7❡ ❧✐✈$❡ ❞❛ ✈❛$✐❡❞❛❞❡ ❞❡7❡$♠✐♥❛❞❛ ♣♦$ H✳ ❈♦♠♦ ✐&&♦
7❡♠♦& ♦ 7❡♦$❡♠❛ ✭✈❡$ ✐♥7$♦❞✉9:♦✮✳
❚❡♦#❡♠❛ ✶✳✶ ❆ !❧❣❡❜&❛ D ♣♦❞❡ +❡& ♠❡&❣✉❧❤❛❞❛ ❡♠ H✱ ✐+1♦ 2✱ D ⊂ H✳
❉❡♠♦♥+1&❛67♦✳ ❉❡ ❢❛7♦ D ≃ K〈X〉/T (H) ❡ D ⊂ K〈Y, Z〉/T2(H) ⊂ H✳
▼♦&7$❛$❡♠♦& ?✉❡ D 7❡♠ ✉♠❛ ❜❛&❡ &❡♠❡❧❤❛♥7❡ ❛♦ ❝♦♥❥✉♥7♦ ❣❡$❛❞♦$ ❞❡ K〈X〉/V ✳
(#♦♣♦*✐,-♦ ✸✳✺✳ ❖+ ❡❧❡♠❡♥1♦+ ❞❡ D ❞❛ ❢♦&♠❛
xm1i1 · · · x
mk
ik
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ] + T2, ✭✸✳✸✮
♦♥❞❡ k ≥ 0, l ≥ 0, k + l > 0, i1 < . . . < ik, ji < . . . < jk, 0 < mi < p✱ +7♦ ❧✐♥❡❛&♠❡♥1❡
✐♥❞❡♣❡♥❞❡♥1❡+ ❡♠ D✳
❉❡♠♦♥+1&❛67♦✳ B$✐♠❡✐$♦✱ ♥♦7❡ ?✉❡ ❝♦♠♦ ❛ ❝❛$❛❝7❡$C&7✐❝❛ ❞❡ K 6 p ❡ yi + T2 ❡ zi + T2
❝♦♠✉7❛♠ ❡♠ A✱ 7❡♠♦& ?✉❡ xpi + T2 = (yi + zi)




i + T2 = 0✳ ❚❛♠❜6♠✱ ♣❛$❛




i zi + T2 6= 0 ❡♠ A✳ ❆&&✐♠✱
[x1, x2] + T2 = [y1 + z1, y2 + z2] + T2
= [y1, y2] + [y1, z2] + [z1, y2] + [z1, z2] + T2
= 2z1z2 + T2.
▲♦❣♦✱
xm1i1 · · · x
mk
ik
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ] + T2 = 2
lym1i1 · · · y
mk
ik
zj1 · · · zj2l + · · ·+ T2✳
◆♦7❡ ?✉❡ ym1i1 · · · y
mk
ik
zj1 · · · zj2l 7❡♠ ❣$❛✉ 7♦7❛❧ ♥❛& ✈❛$+✈❡✐& Y ✐❣✉❛❧ ❛ m1+ . . .+mk ❡ 7♦❞♦&
♦& ♦✉7$♦& ♠♦♥G♠✐♦& ♥❛ &♦♠❛ ❞♦ &❡❣✉♥❞♦ ♠❡♠❜$♦ ❞❛ ❡?✉❛9:♦ 7❡♠ ❣$❛✉ 7♦7❛❧ ♥❛& ✈❛$✐+✈❡✐&
Y ♠❡♥♦$ ?✉❡ m1 + . . . +mk✳ ❈❤❛♠❛$❡♠♦& y
m1
i1
· · · ymkik zj1 · · · zj2l + T2 ❞❡ ♠♦♥G♠✐♦ ❧C❞❡$✳
◆♦7❡ ?✉❡ ❞♦✐& ❡❧❡♠❡♥7♦& ❞✐&7✐♥7♦& ❞♦ 7✐♣♦ ✭✸✳✸✮ 7❡♠ ♠♦♥G♠✐♦& ❧C❞❡$❡& ❞✐&7✐♥7♦&✳
❙❡ 7✐✈❡$♠♦& ✉♠❛ ❝♦♠❜✐♥❛9:♦ ❧✐♥❡❛$ ❞❡ ❡❧❡♠❡♥7♦& ✭✸✳✸✮✱ ♥♦ ❝♦♥❥✉♥7♦ ❞♦& ♠♦♥G♠✐♦&
❧C❞❡$❡& ym1i1 · · · y
mk
ik
zj1 · · · zj2l + T2 ?✉❡ ❛♣❛$❡❝❡♠ ♥❡&&❛ ❝♦♠❜✐♥❛9:♦ ❧✐♥❡❛$✱ ❝♦♥&✐❞❡$❡ ❛ &❡✲
❣✉✐♥7❡ ♦$❞❡♠✿ u1 + T2 > u2 + T2 &❡ ♥♦ ♠♦♥G♠✐♦ u1✱ ♦ ❣$❛✉ 7♦7❛❧ ♥❛& ✈❛$✐+✈❡✐& Y 6 ♠❛✐♦$
?✉❡ ♦ ❣$❛✉ 7♦7❛❧ ♥❛& ✈❛$✐+✈❡✐& Y ❞♦ ♠♦♥G♠✐♦ u2✳ ❙❡ ♦ ❣$❛✉ 7♦7❛❧ ♥❛& ✈❛$✐+✈❡✐& Y ❞❡ u1 ❡
✸✹
u2 "#♦ ✐❣✉❛✐"✱ u1 + T2 > u2 + T2 "❡ ♦ ❣+❛✉ ,♦,❛❧ ♥❛" ✈❛+✐0✈❡✐" Z ❞❡ u1 2 ♠❛✐♦+ 4✉❡ ♦ ❣+❛✉
,♦,❛❧ ♥❛" ✈❛+✐0✈❡✐" Z ❞❡ u2✳ 6♦+ ❡①❡♠♣❧♦✱ y
2





❈♦♠♦ ♦" ♠♦♥:♠✐♦" u = ym1i1 · · · y
mk
ik
zj1 · · · zj2l + T2 "#♦ ❧✐♥❡❛+♠❡♥,❡ ✐♥❞❡♣❡♥❞❡♥,❡" ❡♠
A ❡ ♥#♦ ♣♦❞❡♠ "❡+ ❝♦♠❜✐♥❛=#♦ ❧✐♥❡❛+ ❞❡ ♠♦♥:♠✐♦" u′ + T2 ❝♦♠ u
′ < u✱ ,❡♠♦" 4✉❡ ♦"
❝♦❡✜❝✐❡♥,❡" 4✉❡ ♠✉❧,✐♣❧✐❝❛♠ ❡""❡" ♠♦♥:♠✐♦" ❞❡✈❡♠ "❡+ ③❡+♦✳ ▲♦❣♦✱ ♦" ❡❧❡♠❡♥,♦" ✭✸✳✸✮ "#♦
❧✐♥❡❛+♠❡♥,❡ ✐♥❞❡♣❡♥❞❡♥,❡"✳
 !♦♣♦$✐&'♦ ✸✳✻✳ ❆ !❧❣❡❜&❛ D (❛)✐(❢❛③ ❛( ✐❞❡♥)✐❞❛❞❡( [x1, x2, x3] ❡ x
p
1✳
❉❡♠♦♥()&❛34♦✳ ❙❡❥❛ f(x1, . . . , xn)+T2 ∈ D✳ ❈♦♠♦ xi = yi+zi✱ ♣♦❞❡♠♦" ❡"❝+❡✈❡+ f+T2 =
f (0) + f (1) + T2✱ ♦♥❞❡ f
(0)
♣❡+,❡♥❝❡ ❛ ♣❛+,❡ ♣❛+ ❡ f (1) ♣❡+,❡♥❝❡ ❛ ♣❛+,❡ E♠♣❛+ ❞❡ K〈Y, Z〉✳
❙❡❥❛ f1 + T2, f2 + T2, f3 + T2 ∈ D✳



















2 ♣❡+,❡♥❝❡ ❛ ♣❛+,❡ ♣❛+ ❞❡ K〈Y, Z〉/T2✳ ❚❛♠❜2♠✱














❆""✐♠✱ ♣❡❧❛" ♣+♦♣♦"✐=H❡" ✸✳✺ ❡ ✸✳✹✱ ❝♦♥❝❧✉E♠♦" 4✉❡ ✭✸✳✸✮ ❢♦+♠❛♠ ✉♠❛ ❜❛"❡ ❞❡ D✳
❈♦♥"✐❞❡+❡ ❛❣♦+❛ ♦ "❡❣✉✐♥,❡ ❤♦♠♦♠♦+✜"♠♦✱
K〈X〉 −→ D
xi 7→ xi + T2,
✐",♦ 2✱ f(x1, . . . , xn) 7→ f(x1, . . . , xn) + T2✳ 6❡❧❛ ♣+♦♣♦"✐=#♦ ✸✳✻ ✱ V ❡",0 ❝♦♥,✐❞♦ ♥♦ ♥M❝❧❡♦
❞❡""❡ ❤♦♠♦♠♦+✜"♠♦✳ ▲♦❣♦✱ ♦ ❤♦♠♦♠♦+✜"♠♦
Ψ : K〈X〉/V −→ D




Ψ : K〈X〉/V −→ D
xm1i1 · · · x
mk
ik
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ] + V 7→ x
m1
i1
· · · xmkik [xj1 , xj2 ] · · · [xj2l−1 , xj2l ] + T2.
❧❡✈❛ ❣❡5❛❞♦5❡# ❞❡ K〈X〉/V ❡♠ ❜❛#❡ ❞❡ D✳ 6♦5$❛♥$♦✱ Ψ 7 ✉♠ ✐#♦♠♦5✜#♠♦✳
❈♦♠ ✐##♦✱ $❡♠♦# ♦# #❡❣✉✐♥$❡# ❝♦5♦❧%5✐♦# ❞♦ $❡♦5❡♠❛ ✭✶✳✶✮✳
❈♦"♦❧$"✐♦ ✶✳✷ ❙❡❥❛ H ❛ $❧❣❡❜(❛ ❞❡ ●(❛++♠❛♥♥ ♥.♦✲✉♥✐3$(✐❛ ❞❡ ❞✐♠❡♥+.♦ ✐♥✜♥✐3❛ +♦❜(❡
✉♠ ❞♦♠5♥✐♦ ❞❡ ✐♥3❡❣(✐❞❛❞❡ ❞❡ ❝❛(❛❝3❡(5+3✐❝❛ p > 2✳ ❖ ❝♦♥❥✉♥3♦ ❞❛+ ✐❞❡♥3✐❞❛❞❡+ ❞❡ H 9 ♦
T ✲✐❞❡❛❧ ❞❡ K〈X〉 ❣❡(❛❞♦ ♣♦( [x1, x2, x3] ❡ x
p
✳
❉❡♠♦♥+3(❛<.♦✳ ❉❡ ❢❛$♦✱ K〈X〉/V ≃ D ≃ K〈X〉/T (H)✳ ▲♦❣♦ T (H) = V ✳
❖❜$❡♠♦# ❡♥$0♦ ✉♠❛ ❞❡♠♦♥#$5❛B0♦ #✐♠♣❧❡# ❞♦ $❡♦5❡♠❛ D✉❡ ❥% ❢♦✐ ❞❡♠♦♥#$5❛❞♦ ♣♦5
❈❤✐5✐♣♦✈ ❡ ❙✐❞❡5♦✈ ❡♠ ❬✽❪ D✉❛♥❞♦ K 7 ✉♠ ❝♦5♣♦✳
❈♦"♦❧$"✐♦ ✶✳✸ K〈X〉/V 9 ✉♠ K✲♠=❞✉❧♦ ❧✐✈(❡ ❝♦♠ ✉♠❛ K✲❜❛+❡ ❢♦(♠❛❞❛ ♣❡❧♦+ ♣♦❧✐♥@♠✐♦+
xm1i1 · · · x
mk
ik
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ] + V, ✭✸✳✹✮
♦♥❞❡k ≥ 0, l ≥ 0, k + l > 0, i1 < . . . < ik, j1 < . . . < jk, 0 < mi < p✳
✸✳✸ "♦❧✐♥'♠✐♦) ❈❡♥,-❛✐) ❞❡ H
◆❡##❛ #❡B0♦ ❡♥❝♦♥$5❛5❡♠♦# ♦ T ✲#✉❜❡#♣❛B♦ ❞❡ ♣♦❧✐♥N♠✐♦# ❝❡♥$5❛✐# ❞❡ H✳ ❯#❛5❡♠♦#
✈%5✐♦# 5❡#✉❧$❛❞♦# ❞❡ ❬✻❪✳ ▼♦#$5❛5❡♠♦# $❛♠❜7♠ D✉❡ ♦ T ✲#✉❜❡#♣❛B♦ ❞❡ ♣♦❧✐♥N♠✐♦# ❝❡♥$5❛✐#
❞❡ H ♥0♦ 7 ✜♥✐$❛♠❡♥$❡ ❣❡5❛❞♦ ❝♦♠♦ T ✲#✉❜❡#♣❛B♦✳
❈♦♠❡B❛♠♦# ♦❜#❡5✈❛♥❞♦ D✉❡
▲❡♠❛ ✸✳✼✳ V 9 ✉♠ T ✲✐❞❡❛❧ ♠✉❧3✐✲❤♦♠♦❣B♥❡♦✳
❉❡♠♦♥+3(❛<.♦✳ ❉❡ ❢❛$♦✱ ❝♦♠♦ $♦❞♦ ♣♦❧✐♥N♠✐♦ ❞❡ K〈X〉/V ♣♦❞❡ #❡5 ❡#❝5✐$♦ ❝♦♠♦ ❝♦♠✲




▲❡♠❛ ✶✳ ❖ T ✲"✉❜❡"♣❛(♦ ❞❡ ♣♦❧✐♥.♠✐♦" ❝❡♥12❛✐" ❞❡ H✱ C(H)✱ 4 ♠✉❧1✐✲❤♦♠♦❣7♥❡♦✳
❉❡♠♦♥"12❛(:♦✳ ❙❡❥❛ f ∈ C(H)✳ ❉❡❝♦♠♣♦♥❤❛ f =
∑




[fi, x1] ∈ T (H).
❈♦♠♦ ❛& ❝♦♠♣♦♥❡♥'❡& ♠✉❧'✐✲❤♦♠♦❣7♥❡❛& ❞❡ [f, x1] &9♦ [fi, x1]✱ '❡♠♦& ;✉❡ [fi, x1] ∈ T (H)✳
❆&&✐♠ fi ∈ C(H)✳
❖& ❧❡♠❛& ✸✳✽✱ ✸✳✾✱ ✸✳✶✵ ❡ ♦ '❡♦B❡♠❛ ✸✳✶✸ ;✉❡ ❛♣B❡&❡♥'❛B❡♠♦& ❛ &❡❣✉✐B ♣♦❞❡♠ &❡B
❡♥❝♦♥'B❛❞♦& ❡♠ ❬✻❪✳ ❊♠❜♦B❛ ❡&'❛♠♦& ❝♦♥&✐❞❡B❛♥❞♦ K ✉♠ ❞♦♠F♥✐♦ ❞❡ ✐♥'❡❣B✐❞❛❞❡ ❞❡
❝❛B❛❝'❡BF&'✐❝❛ p > 2✱ ❛& ❞❡♠♦♥&'B❛GH❡& &9♦ ❛& ♠❡&♠❛&✳
▲❡♠❛ ✸✳✽✳ ❙❡❥❛ K ✉♠ ❞♦♠=♥✐♦ ❞❡ ✐♥1❡❣2✐❞❛❞❡ ❞❡ ❝❛2❛❝1❡2="1✐❝❛ p > 2 ❡ "❡❥❛ g =
g(x3, . . . , xl) ∈ K〈X〉 ✉♠ ♣♦❧✐♥.♠✐♦ >✉❡ ♥:♦ ❞❡♣❡♥❞❡ ❞❡ x2✳ ❙✉♣♦♥❤❛ >✉❡ x2g + V 4
❝❡♥12❛❧ ❡♠ K〈X〉/V ✳ ❊♥1:♦ g ∈ V ✳
❉❡♠♦♥"12❛(:♦✳ IB✐♠❡✐B♦✱ ❝♦♠♦ x2g+V J ❝❡♥'B❛❧ ❡♠ K〈X〉/V ✱ '❡♠♦& ;✉❡ 0 = [x1, x2g] +
V = x2[x1, g] + [x1, x2]g + V ✳ ❆&&✐♠✱
x2[x1, g] + V = −[x1, x2]g + V.
❙✉♣♦♥❤❛ ;✉❡ g+V =
∑
t βtbt✱ ♦♥❞❡ β ∈ K ❡ bt &9♦ ❡❧❡♠❡♥'♦& ❞✐&'✐♥'♦& ❞❛ ❢♦B♠❛ ✭✸✳✹✮✳
❈♦♠♦ g = g(x3, . . . , xl) ♥9♦ ❞❡♣❡♥❞❡ ❞❡ x1 ❡ x2✱ '❡♠♦& ;✉❡ ♦& ❡❧❡♠❡♥'♦& bt '❛♠❜J♠ ♥9♦
❞❡♣❡♥❞❡♠✳ I❛B❛ ❝❛❞❛ t✱








♦♥❞❡ αt ∈ K ❡ c
(t)
k &9♦ ❡❧❡♠❡♥'♦& ❞❛ ❢♦B♠❛ ✭✸✳✹✮ ;✉❡ ♥9♦ ❞❡♣❡♥❞❡♠ ❞❡ x2✳ I❡❧♦ ❧❡♠❛ ✸✳✸✱
♣♦❞❡♠♦& ❛&&✉♠✐B ;✉❡ j1 = 1 ♥❛ ❡①♣B❡&&9♦ ✭✸✳✹✮✳ ❙❡❣✉❡ ;✉❡











◆♦$❡ &✉❡ ♣❛*❛ ❝❛❞❛ t ❡ k✱ x2c
(t)
k . ✉♠ ❡❧❡♠❡♥$♦ ❞❛ ❢♦*♠❛ ✭✸✳✹✮ ❝♦♠ i1 = 2 ❡ 2 6∈ {j1, . . . , j2l}✳
▲♦❣♦✱ x2[x1, g] + V . ❝♦♠❜✐♥❛;<♦ ❧✐♥❡❛* ❞❡ ❡❧❡♠❡♥$♦= ❞❛ ❢♦*♠❛ ✭✸✳✹✮✱
xm1i1 · · · x
mk
ik
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ] + V,
$❛❧ &✉❡ x2 ❡=$> ❝♦♥$✐❞♦ ♥❛ ♣❛*$❡ ♥<♦✲❝♦♠✉$❛❞♦* x
m1
i1
· · · xmkik ❡ ❛ ♣❛*$❡ ❝♦♠✉$❛❞♦*
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ]
♥<♦ ❞❡♣❡♥❞❡ ❞❡ x2✳
@♦* ♦✉$*♦ ❧❛❞♦✱ [x1, x2]g+V =
∑
t βt[x1, x2]bt✳ ❈♦♠♦ ♦= ❡❧❡♠❡♥$♦= bt ♥<♦ ❞❡♣❡♥❞❡♠ ❞❡
x1 ❡ x2✱ ❡ [x1, x2]+V . ❝❡♥$*❛❧ ❡♠ K〈X〉/V ✱ ♦= ♣*♦❞✉$♦= [x1, x2]bt =<♦ ❡❧❡♠❡♥$♦= ❞✐=$✐♥$♦=
❞❛ ❢♦*♠❛ ✭✸✳✹✮✳ ▲♦❣♦✱ [x1, x2]g+ V . ✉♠❛ ❝♦♠❜✐♥❛;<♦ ❧✐♥❡❛* ❞❡ ❡❧❡♠❡♥$♦= ❞❛ ❢♦*♠❛ ✭✸✳✹✮
❝♦♠ j2 = 2 ❡ 2 6∈ {i1, . . . , i2k}✳ ❊♠ ♦✉$*❛= ♣❛❧❛✈*❛=✱ [x1, x2]g+V . ✉♠❛ ❝♦♠❜✐♥❛;<♦ ❧✐♥❡❛*
❞❡ ❡❧❡♠❡♥$♦= ❞❛ ❢♦*♠❛ ✭✸✳✹✮ ❝♦♠ x2 ❝♦♥$✐❞♦ ♥❛ ♣❛*$❡ ❝♦♠✉$❛❞♦* ❞♦ ♣*♦❞✉$♦ ❡ ❛ ♣❛*$❡
♥<♦✲❝♦♠✉$❛❞♦* ♥<♦ ❞❡♣❡♥❞❡ ❞❡ x2✳ ▼❛= ♦= ❡❧❡♠❡♥$♦= ❞❛ ❢♦*♠❛ ✭✸✳✹✮ ❢♦*♠❛♠ ✉♠❛ ❜❛=❡
❞❡ K〈X〉/V ✱ ❛==✐♠ ❞❡✈❡♠♦= $❡*
x2[x1, g + V ] = −[x1, x2]g + V = 0.
@♦*$❛♥$♦✱
∑
t βt[x1, x2]bt = [x1, x2]g + V = 0✳ ❆==✐♠✱ βt = 0 ♣❛*❛ $♦❞♦ t ❡ g + V =∑
t βtbt = 0✱ ✐=$♦ .✱ g ∈ V ✳
▲❡♠❛ ✸✳✾✳ ❙❡❥❛ K ✉♠ ❞♦♠(♥✐♦ ❞❡ ✐♥+❡❣-✐❞❛❞❡ ❞❡ ❝❛-❛❝+❡-(/+✐❝❛ p > 2✳ ❙✉♣♦♥❤❛ 3✉❡
f = f(x2, . . . , xl) ∈ K〈X〉 4 ✉♠ ♣♦❧✐♥6♠✐♦ ❤♦♠♦❣7♥❡♦ ❞❡ ❣-❛✉ 1 ❡♠ x2 ❡ 3✉❡ f+V 4 ❝❡♥+-❛❧
❡♠ K〈X〉/V ✳ ❊♥+9♦ f + V ♣❡-+❡♥❝❡ ❛♦ T ✲❡/♣❛;♦ ❞❡ K〈X〉/V ❣❡-❛❞♦ ♣♦- [x1, x2] + V ✳
❉❡♠♦♥/+-❛;9♦✳ ❙❡❥❛ f =
∑
i αiaix2bi ♦♥❞❡ αi ∈ K ❡ ai, bi =<♦ ♠♦♥H♠✐♦=✳ ❈♦♠♦ ax2b =
x2ab+ [a, x2b]✱ $❡♠♦=
f = x2g(x3, . . . , xl) + h(x1, . . . , xl)
♦♥❞❡ h(x1, . . . , xl) =
∑
i αi[ai, x2bi] ♣❡*$❡♥❝❡ ❛♦ T ✲❡=♣❛;♦ ❣❡*❛❞♦ ♣♦* [x1, x2] ❡ g = g(x3, . . . , xl)
♥<♦ ❞❡♣❡♥❞❡ ❞❡ x2✳ ▼❛= ❝♦♠♦ f+V ❡ h+V =<♦ ❝❡♥$*❛✐= ❡♠ K〈X〉/V ✱ $❡♠♦= &✉❡ x2g+V
$❛♠❜.♠ . ❝❡♥$*❛❧✳ @❡❧♦ ❧❡♠❛ ❛♥$❡*✐♦*✱ g ∈ V ✳ ❙❡❣✉❡ &✉❡
f + V = h+ V.
✸✽
❆##✐♠✱ f + V ♣❡)*❡♥❝❡ ❛♦ T ✲❡#♣❛0♦ ❞❡ K〈X〉/V ❣❡)❛❞♦ ♣♦) [x1, x2] + V ✳
▲❡♠❛ ✸✳✶✵✳ ❙✉♣♦♥❤❛ '✉❡ char(K) = p > 2 ❡ )❡❥❛ f(x2, . . . , xl) ∈ K〈X〉 ✉♠ ♣♦❧✐♥.♠✐♦
❤♦♠♦❣0♥❡♦ ❞❡ ❣2❛✉ m ❡♠ x2✱ 0 < m < p✳ ❙✉♣♦♥❤❛ '✉❡ f + V 5 ❝❡♥72❛❧ ❡♠ K〈X〉/V ✳
❊♥79♦ f + V ♣❡27❡♥❝❡ ❛♦ T ✲❡)♣❛;♦ ❞❡ K〈X〉/V ❣❡2❛❞♦ ♣♦2 [x1, x2] + V ✳
❉❡♠♦♥)72❛;9♦✳ ❙❡❥❛ h = h(x′1, . . . , x
′
m, x3, . . . , xl) ❛ ❝♦♠♣♦♥❡♥*❡ ❤♦♠♦❣7♥❡❛ ❞❡
f(x′1 + · · · + x
′
m, x3, . . . , xl) 8✉❡ : ♠✉❧*✐❧✐♥❡❛) ❝♦♠ )❡❧❛0<♦ ❛ x
′
1, . . . , x
′
m✳ ❈♦♠♦ f + V
: ❝❡♥*)❛❧ ❡♠ K〈X〉/V ✱ ❛##✐♠ : h+ V ✳ ❚❛♠❜:♠✱ ❝♦♠♦
h(x2, . . . , x2, x3, . . . , xl) = m!f(x2, x3, . . . , xl),
: #✉✜❝✐❡♥*❡ ♠♦#*)❛) 8✉❡ h+ V ♣❡)*❡♥❝❡ ❛♦ T ✲❡#♣❛0♦ ❞❡ K〈X〉/V ❣❡)❛❞♦ ♣♦) [x1, x2] + V ✳
▼❛#
h = h(x1, . . . , xm, xm+1, . . . , xm+l)
: ❤♦♠♦❣7♥❡♦ ❞❡ ❣)❛✉ 1 ❡♠ x2✳ ❖ )❡#✉❧*❛❞♦ #❡❣✉❡ ♣❡❧♦ ❧❡♠❛ ❛♥*❡)✐♦)✳
❆❣♦)❛ #❡❥❛ C ♦ K✲#✉❜♠C❞✉❧♦ ❞❡ K〈X〉 ❣❡)❛❞♦ ♣♦) [g1, g2]✱ ♦♥❞❡ g1, g2 #<♦ ♠♦♥D♠✐♦#✳
❚❡♠♦# ♦# #❡❣✉✐♥*❡# ❧❡♠❛#✳
▲❡♠❛ ✸✳✶✶✳ C 5 ❣❡2❛❞♦ ❝♦♠♦ K✲♠=❞✉❧♦ ♣♦2 7♦❞♦) ♦) ❝♦♠✉7❛❞♦2❡) [x, g]✱ ♦♥❞❡ g 5 ✉♠
♠♦♥.♠✐♦ ❞❡ K〈X〉 ❡ x ∈ X✳
❉❡♠♦♥)72❛;9♦✳ ❙❡❥❛ C ′ ♦ K✲#✉❜♠C❞✉❧♦ ❞❡ K〈X〉 ❣❡)❛❞♦ ♣♦) *♦❞♦# ♦# ❝♦♠✉*❛❞♦)❡# [x, g]✱
♦♥❞❡ g : ✉♠ ♠♦♥D♠✐♦ ❞❡ K〈X〉 ❡ x ∈ X✳ ❊♥*<♦ C ′ ⊆ C✳ F❛)❛ ♣)♦✈❛) ❛ ✐♥❝❧✉#<♦ C ⊆ C ′✱
❝♦♥#✐❞❡)❡ ❛ #❡❣✉✐♥*❡ ✐❣✉❛❧❞❛❞❡ ❡♠ K〈X〉✿
[ax, b] + [xb, a] + [ba, x] = 0
♦♥❞❡ a, b ∈ K〈X〉 ❡ x ∈ X✳ ▲♦❣♦✱
[ax, b] + C ′ = [a, xb] + C ′.
✸✾
❙❡❥❛♠ a, b ♠♦♥)♠✐♦+ ❞❡ K〈X〉 ♦♥❞❡ a = xi1 · · · xik ✱ xi ∈ X✳ ❊♥01♦
[a, b] + C ′ = [xi1 · · · xik , b] + C
′






= [xi1 , xi2 · · · xikb] + C
′
= C ′.
2♦30❛♥0♦ [a, b] ∈ C ′✱ ♦✉ +❡❥❛✱ C ⊆ C ′✳
▲❡♠❛ ✸✳✶✷✳ ❙❡❥❛ [xi1 , g] ∈ K〈X〉 ♦♥❞❡ xi1 ∈ X ❡ g = xj1 · · · xjk ' ✉♠ ♠♦♥*♠✐♦ ❞❡ K〈X〉✳
❙❡ [xi1 , g] -❡♠ ❣/❛✉ p ❡♠ /❡❧❛12♦ ❛ -♦❞❛3 ❛3 ✈❛/✐5✈❡✐3 xi1 , xj1 , . . . , xjk ✱ ❡♥-2♦ [xi1 , g] ∈ V ✳
❉❡♠♦♥3-/❛12♦✳ ❯+❛♥❞♦ 6✉❡ [ab, c] = a[b, c] + [a, c]b✱ ♦♥❞❡ a, b, c ∈ K〈X〉 0❡♠♦+
[xi1 , xj1 · · · xjk ] =
k∑
s=1
xj1 · · · xjs−1 [xi1 , xjs ]xjs+1 · · · xjk .
❙❡ js = i1 ❡♥01♦ [x11 , xjs ] = 0✳ ❈♦♠♦ ♦ ❣3❛✉ ❞❡ xj1 9 p✱ +✉♣♦♥❤❛ 6✉❡ js1 , . . . , jsp = j1✳ ❊♠
k∑
s=1
xj1 · · · xjs−1 [xi1 , xjs ]xjs+1 · · · xjk .
✈❛♠♦+ 0♦♠❛3 ❛♣❡♥❛+ ❛+ ♣❛3❝❡❧❛+ ♦♥❞❡ [xi1 , xj1 ] ❛♣❛3❡❝❡✱ ✐+0♦ 9✱
p∑
r=1
xj1 · · · xjsr−1 [xi1 , xj1 ]xjsr+1 · · · xjk .
❚❡♠♦+ ❡♥01♦ 6✉❡✱ ♠@❞✉❧♦ V ✱
p∑
r=1
xj1 · · · xjsr−1 [xi1 , xj1 ]xjsr+1 · · · xjk + V = pg
′xp−1j2 [xi1 , xj1 ] + V
= 0
♦♥❞❡ g′ 9 ♦❜0✐❞♦ ❞❡ g ♣♦3 ❡①❝❧✉+1♦ ❞❡ 0♦❞❛+ ❛+ ✈❛3✐C✈❡✐+ xj1 ✳ 2♦❞❡♠♦+ ❢❛③❡3 ✐++♦ ♣♦✐+ 0❡♠♦+
✹✵
❛ ✐❣✉❛❧❞❛❞❡
x1x2[x1, x3] + V = (x2x1 + [x1, x2])[x1, x3] + V
= x2x1[x1, x3] + [x1, x2][x1, x3] + V
= x2x1[x1, x3] + V,
✐)*♦ ,✱ )❡ ✉♠❛ ✈❛0✐1✈❡❧ ❛♣❛0❡❝❡ ♥❛ ♣❛0*❡ ❝♦♠✉*❛❞♦0 ❡ ♥❛ ♣❛0*❡ ♥5♦ ❝♦♠✉*❛❞♦0✱ ❡♥*5♦ ❡))❛
✈❛0✐1✈❡❧ ❝♦♠✉*❛ ❝♦♠ 6✉❛❧6✉❡0 ♦✉*0❛✱ ♠7❞✉❧♦ V ✳
❈♦♠♦ ❛) ✈❛0✐1✈❡✐) xj2 , . . . , xjk *❛♠❜,♠ *;♠ ❣0❛✉ p✱ ♣♦❞❡♠♦) ❢❛③❡0 ♦ ♠❡)♠♦ ❝♦♥)✐❞❡✲
0❛♥❞♦ ❛) ♣❛0❝❡❧❛) ❞❡ [xi1 , g] ♦♥❞❡ [xi1 , xj2 ] ❛♣❛0❡❝❡ ❡ ❛))✐♠ ♣♦0 ❞✐❛♥*❡✳ ❆))✐♠✱ [xi1 , g] ∈
V ✳
❚❡♦#❡♠❛ ✸✳✶✸✳ ❖ K✲♠#❞✉❧♦ C(H) ( ❣❡+❛❞♦✱ ♠#❞✉❧♦ V ✱ ♣♦+
[g1, g2] + V,
xp−11 [x1, x2]x
p−1





♦♥❞❡ k = 1, 2, . . .✱ g1, g2 01♦ ♠♦♥2♠✐♦0 ❡♠ K〈X〉 ❡ xi ∈ X ♣❛+❛ ❝❛❞❛ i✳
❉❡♠♦♥07+❛81♦✳ ❙❡❥❛ f = f(x1, . . . , xl) ∈ C(H) ✉♠ ♣♦❧✐♥B♠✐♦ ♠✉❧*✐✲❤♦♠♦❣;♥❡♦ ❞❡ ❣0❛✉
mi ❡♠ xi✱ i = 1, . . . , l✳ ❊♥*5♦✱ f+V , ❝❡♥*0❛❧ ❡♠ K〈X〉/V ✳ ❙✉♣♦♥❤❛ 6✉❡ ❡♠ f ✱ 0 < mi < p
♣❛0❛ ❛❧❣✉♠ i✳ ❙❡♠ ♣❡0❞❛ ❞❡ ❣❡♥❡0❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦) )✉♣♦0 6✉❡ i = 1✳ ▲♦❣♦✱ ♣❡❧♦ ❧❡♠❛
❛♥*❡0✐♦0✱ f + V ♣❡0*❡♥❝❡ ❛♦ T ✲)✉❜❡)♣❛F♦ ❞❡ K〈X〉/V ❣❡0❛❞♦ ♣♦0 [x1, x2] + V ✳
❆❣♦0❛ )✉♣♦♥❤❛ 6✉❡ mi = p ♣❛0❛ *♦❞♦ i✳ ❊♥*5♦ ♣❡❧❛ ♣0♦♣♦)✐F5♦ ✭✸✳✹✮✱ f + V , ✉♠❛
❝♦♠❜✐♥❛F5♦ ❧✐♥❡❛0 ❞❡ ❡❧❡♠❡♥*♦) ❞❛ ❢♦0♠❛ ✭✸✳✹✮✳ ▼❛) *♦❞♦) ♦) ❡❧❡♠❡♥*♦) ❞❛ ❢♦0♠❛ ✭✸✳✹✮
❝♦♠ mi = p ♣❛0❛ *♦❞♦ i )5♦ ❞♦ *✐♣♦
xp−11 [x1, x2]x
p−1




2k + V, ✭✸✳✺✮
❝♦♠ k = 1, 2, . . .✳
◆♦*❡ 6✉❡ ♣❡❧♦ ❧❡♠❛ ❛♥*❡0✐♦0✱ ♦) ♣♦❧✐♥B♠✐♦)
xp−11 [x1, x2]x
p−1





♥5♦ ♣❡0*❡♥❝❡♠ N C✱ ♣♦✐) *❡♠ ❣0❛✉ p ❡♠ 0❡❧❛F5♦ ❛ *♦❞❛) ❛) ✈❛0✐1✈❡✐)✳
✹✶
◆♦$❡ &✉❡ ♣❡❧♦* ❧❡♠❛* ❡ $❡♦-❡♠❛ ❛♥$❡-✐♦- $❡♠♦* &✉❡
C(H)/V = (C + V )/V ⊕
∞⊕
k=1
(Ck + V )/V,
♦♥❞❡ C 1 ♦ K✲*✉❜♠4❞✉❧♦ ❣❡-❛❞♦ ♣♦- [g1, g2]✱ ♦♥❞❡ g1, g2 *7♦ ♠♦♥8♠✐♦*✱ ❡ Ck 1 ♦ K✲
*✉❜❡*♣❛9♦ ❣❡-❛❞♦ ♣♦- xp−11 [x1, x2]x
p−1




2k ✭xi ∈ X✮✳
❆❣♦-❛ ❞❡♠♦♥*$-❛-❡♠♦* &✉❡ C(H) ♥7♦ 1 ✜♥✐$❛♠❡♥$❡ ❣❡-❛❞♦ ❝♦♠♦ ✉♠ T ✲❡*♣❛9♦✳ ❈♦✲
♠❡9❛-❡♠♦* ❝♦♠ ❛❧❣✉♥* ❧❡♠❛*✳
▲❡♠❛ ✸✳✶✹✳ ❙❡❥❛ h(x1, x2, x3) = (x1+x2)
p−1[x1+x2, x3]x
p−1
3 ✱ ♦♥❞❡ x1, x2, x3 ∈ X✳ ❊♥*+♦






3 + f + V,
♦♥❞❡ f + V ♣❡-*❡♥❝❡ ❛♦ T ✲0✉❜❡0♣❛3♦ ❞❡ K〈X〉/V ❣❡-❛❞♦ ♣♦- [x1, x2] + V ✳
❉❡♠♦♥0*-❛3+♦✳ ❙❡❥❛ g(x1, x2) = (x1 + x2)
p−1
✳ ❊♥$7♦✱
g(x1, x2) = x
p−1
1 + g(p−2,1) + g(p−3,2) + . . .+ g(1,p−2) + x
p−1
2 ,
♦♥❞❡ g(i,j) 1 ✉♠ ♣♦❧✐♥8♠✐♦ ❡♠ x1, x2 ❝♦♠ ♠✉❧$✐✲❣-❛✉ (i, j)✳ ▲♦❣♦
h(x1, x2, x3) = g(x1, x2)[x1, x3]x
p−1
3 + g(x1, x2)[x2, x3]x
p−1
3






3 + f(x1, x2, x3),
♦♥❞❡





+(xp−11 + g(p−2,1) + g(p−3,2) + . . .+ g(1,p−2))[x2, x3]x
p−1
3 .








3 + V *7♦ ❝❡♥$-❛✐* ❡♠
K〈X〉/V ✱ $❡♠♦* &✉❡ f(x1, x2, x3) + V 1 ❝❡♥$-❛❧✳ ▼❛* ♣❡❧♦ ❝♦-♦❧F-✐♦ ❄❄✱ $♦❞❛* ❛* ❝♦♠✲
♣♦♥❡♥$❡* ♠✉❧$✐✲❤♦♠♦❣H♥❡❛* ❞❡ f(x1, x2, x3) + V *7♦ ❝❡♥$-❛✐* ❡♠ K〈X〉/V ✳ ▼❛* $♦❞❛* ❛*
❝♦♠♣♦♥❡♥$❡* ♠✉❧$✐✲❤♦♠♦❣H♥❡❛* ❞❡ f(x1, x2, x3) + V $❡♠ ❣-❛✉ m ❡♠ x2 ♦♥❞❡ 0 < m < p✳
I♦-$❛♥$♦✱ ♣❡❧♦ ❧❡♠❛ ✸✳✶✵✱ $♦❞❛* ❡**❛* ❝♦♠♣♦♥❡♥$❡* ♣❡-$❡♥❝❡♠ ❛♦ T ✲❡*♣❛9♦ ❣❡-❛❞♦ ♣♦-




xp−11 [x1, x2 + x3](x2 + x3)






3 + f + V
♦♥❞❡ f ♣❡1*❡♥❝❡ ❛♦ T ✲❡,♣❛4♦ ❞❡ K〈X〉/V ❣❡1❛❞♦ ♣♦1 [x1, x2] + V ✳
6❡❧♦ ❧❡♠❛ ❛♥*❡1✐♦1✱
(x1 + x2)










3 − f ∈ V.
❈♦♠♦ V 9 ✉♠ T ✲✐❞❡❛❧✱ ♣❛1❛ *♦❞♦, f1✱ f2✱ f3 ❡♠ K〈X〉✱ ❢❛③❡♥❞♦ ❛ ,✉❜,*✐*✉✐4=♦
x1 7→ f1, x2 7→ f2, x3 7→ f3 *❡♠♦,
(f1 + f2)












♦♥❞❡ f ′ ♣❡1*❡♥❝❡ ❛♦ T ✲❡,♣❛4♦ ❞❡ K〈X〉/V ❣❡1❛❞♦ ♣♦1 [x1, x2] + V ✳
▲♦❣♦✱ *❡♠♦, ♦ ,❡❣✉✐♥*❡ ❝♦1♦❧?1✐♦
❈♦"♦❧$"✐♦ ✸✳✶✺✳ ❙❡❥❛♠ f1✱ f2 ♣♦❧✐♥+♠✐♦, ❞❡ K〈X〉✳ ❊♥01♦✱
f p−11 [f1, f2]f
p−1






[ui1 , ui2 ]u
p−1
i2
+ f + V,
♦♥❞❡ uij ,1♦ ♠♦♥+♠✐♦, ❡ f ♣❡20❡♥❝❡ ❛♦ T ✲❡,♣❛5♦ ❞❡ K〈X〉/V ❣❡2❛❞♦ ♣♦2 [x1, x2] + V ✳
❉❡♠♦♥,02❛51♦✳ ❙❡❥❛ f1 = β1u1 + β2u2 ∈ K〈X〉 ♦♥❞❡ u1 ❡ u2 ,=♦ ♠♦♥B♠✐♦, ❡ β1, β2 ∈ K✳
6❡❧♦ -✉❡ ❢♦✐ ❞✐*♦ ❛❝✐♠❛✱
f p−11 [f1, f2]f
p−1
2 + V = (β1u1 + β2u2)




















2 + f + V,
♦♥❞❡ f ♣❡1*❡♥❝❡ ❛♦ T ✲❡,♣❛4♦ ❞❡ K〈X〉/V ❣❡1❛❞♦ ♣♦1 [x1, x2] + V ✳
6♦1 ✐♥❞✉4=♦ ♥♦ ♥C♠❡1♦ ❞❡ ♣❛1❝❡❧❛, ❞❡ f1 *❡♠♦, -✉❡ ,❡ f1 = β1u1 + . . . + βkuk✱ ♦♥❞❡
u1, . . . , uk ,=♦ ♠♦♥B♠✐♦, ❡ β1, . . . , βk ∈ K✱ ❡♥*=♦
f p−11 [f1, f2]f
p−1












2 + f + V,
✹✸
♦♥❞❡ f ♣❡'(❡♥❝❡ ❛♦ T ✲❡,♣❛-♦ ❞❡ K〈X〉/V ❣❡'❛❞♦ ♣♦' [x1, x2] +V ✳ ❋❛③❡♥❞♦ ♦ ♠❡,♠♦ ♣❛'❛
f2✱ ♦❜(❡♠♦, ♦ '❡,✉❧(❛❞♦ ❞❡,❡❥❛❞♦✳
❆❣♦'❛✱ ♠♦,('❛'❡♠♦, 9✉❡ ♦, ♠♦♥:♠✐♦, uij 9✉❡ ❛♣❛'❡❝❡♠ ♥♦ ❝♦'♦❧<'✐♦ ❛❝✐♠❛ (❡♠ ❣'❛✉
1✱ ✐,(♦ =✱ uij ∈ X✳
▲❡♠❛ ✸✳✶✻✳ h(x1, x2, x3) = (x1x2)
p−1[x1x2, x3]x
p−1
3 ∈ V ♣❛"❛ #♦❞♦& x1, x2, x3 ∈ X✳
❉❡♠♦♥&#"❛,-♦✳ >'✐♠❡✐'♦✱ ❝♦♠♦ [x1, x2] + V = ❝❡♥('❛❧ ❡♠ K〈X〉/V ✱














= h1 + h2 + V
♦♥❞❡ h1 = (x1x2)
p−1x1[x2, x3]x
p−1




❆❣♦'❛✱ ❝♦♠♦ [x1, x2][x2, x3] ∈ V ✱ (❡♠♦, 9✉❡





= x1x2 · · · (x2x1 + [x1, x2]) · · · x1x2x1[x2, x3]x
p−1
3 + V























♣♦✐, xp1 ∈ V ✳ ▲♦❣♦ h1 ∈ V ✳ ❆♥❛❧♦❣❛♠❡♥(❡✱♠♦,('❛✲,❡ 9✉❡ h2 ∈ V ✳
❯,❛♥❞♦ ♦ ♠❡,♠♦ ♠=(♦❞♦✱ ♠♦,('❛✲,❡ (❛♠❜=♠ 9✉❡ xp−11 [x1, x2x3](x2x3)
p−1 ∈ V ♣❛'❛
(♦❞♦, x1, x2, x3 ∈ X✳ ▲♦❣♦✱ ♣❛'❛ (♦❞♦, ♦, ♠♦♥:♠✐♦, u1 ❡ u2 ❞❡ K〈X〉 ✭❛ ♠❡♥♦, ❞♦,




2 ∈ V ✳ ❉❡ ❢❛(♦✱ ,❡ u1 (❡♠ ❣'❛✉










V ❡ V = ✉♠ T ✲✐❞❡❛❧✱ ❢❛③❡♥❞♦ ❛ ,✉❜,(✐(✉✐-E♦ x1 7→ u
′
1, x2 7→ u
′′
1, x3 7→ u2✱ ♦♥❞❡ u2 = ✉♠
♠♦♥:♠✐♦✱ (❡♠♦, 9✉❡ up−11 [u1, u2]u
p−1
2 ∈ V ✳
✹✹




2 + V 6= 0✳
❊♥.3♦✱
f p−11 [f1, f2]f
p−1






[xi1 , xi2 ]x
p−1
i2
+ f + V,
♦♥❞❡ xi ∈ X ♣❛4❛ ❝❛❞❛ i ❡ f ♣❡4.❡♥❝❡ ❛♦ T ✲❡,♣❛7♦ ❞❡ K〈X〉/V ❣❡4❛❞♦ ♣♦4 [x1, x2] + V ✳
!❡❧♦ ❝♦&♦❧'&✐♦ ❛❝✐♠❛✱ ,♦❞♦ ❡❧❡♠❡♥,♦ ❞♦ T ✲0✉❜❡0♣❛4♦ ❣❡&❛❞♦ ♣♦&









0❡&' ✉♠❛ ❝♦♠❜✐♥❛46♦ ❧✐♥❡❛& ❞❡ ❡❧❡♠❡♥,♦0 ❞♦ ,✐♣♦
xp−1i1 [xi1 , xi2 ]x
p−1
i2




❡ ✉♠ ♣♦❧✐♥7♠✐♦ f ✱ ♦♥❞❡ f ♣❡&,❡♥❝❡ ❛♦ T ✲❡0♣❛4♦ ❞❡ K〈X〉/V ❣❡&❛❞♦ ♣♦& [x1, x2] + V ✳
❆00✐♠✱ ,❡♠♦0 ♦ 0❡❣✉✐♥,❡ ,❡♦&❡♠❛ ✭❱❡& ❬✶❪ ❡ ❬✻❪✮✳
❚❡♦"❡♠❛ ✸✳✶✽✳ ❖ T ✲,✉❜❡,♣❛7♦ C(H) ❞♦, ♣♦❧✐♥+♠✐♦, ❝❡♥.4❛✐, ❞❛ ;❧❣❡❜4❛ ❞❡ ●4❛,,♠❛♥♥
♥3♦ = ✜♥✐.❛♠❡♥.❡ ❣❡4❛❞♦ ❝♦♠♦ T ✲❡,♣❛7♦✳








2k ✳ !❡❧♦ C✉❡
❢♦✐ ❞✐,♦ ❛❝✐♠❛✱ ql + V ♥6♦ ♣❡&,❡♥❝❡ ❛♦ T ✲0✉❜❡0♣❛4♦ ❞❡ K〈X〉/V ❣❡&❛❞♦ ♣♦& q1 + V, q2 +
V, . . . , ql−1 + V, ql+1 + V, ql+2 + V, . . .✳▲♦❣♦✱ C(G




➪❧❣❡❜-❛ ❞❡ ●-❛00♠❛♥♥ ♥3♦✲✉♥✐$6-✐❛ ❞❡
❞✐♠❡♥03♦ ✜♥✐$❛
❚#❛❜❛❧❤❛#❡♠♦+ ♥❡++❡ ❝❛♣/0✉❧♦ ❝♦♠ ❛ 2❧❣❡❜#❛ ❞❡ ●#❛++♠❛♥♥ ♥6♦ ✉♥✐02#✐❛ Hn✱ ❞❡ ✉♠
K✲♠:❞✉❧♦ ❧✐✈#❡ ❞❡ ❞✐♠❡♥+6♦ n✱ +♦❜#❡ ✉♠ ❞♦♠/♥✐♦ ❞❡ ✐♥0❡❣#✐❞❛❞❡ K ❞❡ ❝❛#❛❝0❡#/+0✐❝❛
p > 2✳
✹✳✶ ■❞❡♥'✐❞❛❞❡* Z2✲❣-❛❞✉❛❞❛* ❞❡ Hn
=#✐♠❡✐#❛♠❡♥0❡✱ ♦❜+❡#✈❛♠♦+ >✉❡ ❝♦♠♦ Hn ⊂ H✱ 0❡♠♦+ >✉❡ H +❛0✐+❢❛③ ❛+ ✐❞❡♥0✐❞❛❞❡+
y1y2 − y2y1, y1z1 − z1y1, z1z2 + z2z1, y
p
1. ✭✹✳✶✮
=❛#❛ ❡♥❝♦♥0#❛# ❛+ ✐❞❡♥0✐❞❛❞❡+ ❞❡ Hn✱ ❞❡✜♥✐#❡♠♦+ ♦ ♣❡+♦ ❞❡ ✉♠ ♠♦♥E♠✐♦ ❞❡ K〈Y, Z〉✳
❉❡✜♥✐%&♦ ✹✳✶✳ ❉✐③❡♠♦& '✉❡ ♦& ❡❧❡♠❡♥+♦& ❞❡ Y ❡♠ K〈Y, Z〉 +❡♠ ♣❡&♦ ✐❣✉❛❧ ❛ 2 ❡ ♦&
❡❧❡♠❡♥+♦& ❞❡ Z +❡♠ ♣❡&♦ ✐❣✉❛❧ ❛ 1✳ ❙❡ u 2 ✉♠ ♠♦♥3♠✐♦ ❡♠ K〈Y, Z〉✱ ♦ ♣❡&♦ ❞❡ u 2 ❛
&♦♠❛ ❞♦& ♣❡&♦& ❞❛& ✈❛6✐7✈❡✐& '✉❡ ❛♣❛6❡❝❡♠ ❡♠ u✳ ❉❡♥♦+❛6❡♠♦& ♦ ♣❡&♦ ❞❡ u ♣♦6 ρ(u)✳
❊①❡♠♣❧♦ ✹✳✷✳ ρ(y1y2z3) = 5✱ ρ(y1z1z2) = 4✳
❙❡❥❛ f ∈ K〈Y, Z〉✳ =❡❧♦ ❝♦#♦❧2#✐♦ ✸✳✶✱ f + T2(H) ♣♦❞❡ +❡# ❡+❝#✐0♦ ✉♥✐❝❛♠❡♥0❡ ❝♦♠♦
❝♦♠❜✐♥❛I6♦ ❧✐♥❡❛# ❞♦+ ❡❧❡♠❡♥0♦+
ym1i1 · · · y
mk
ik
zj1 · · · zjl + T2(H),
✹✻
♦♥❞❡ i1 < . . . < ik✱ j1 < . . . < jl❀ 0 < m1, . . . ,mk < p❀ k, l ≥ 0 ❡ k + l > 0✳ ❉❡✜♥✐♠♦-
ρmin(f + T2(H)) ❝♦♠♦ ♦ ♠❡♥♦/ ♣❡-♦ ❞❡--❡- ♠♦♥1♠✐♦- y
m1
i1
· · · ymkik zj1 · · · zjl ∈ K〈Y, Z〉 2✉❡
❛♣❛/❡❝❡♠ ❡♠ f + T2(H)✳
❊①❡♠♣❧♦ ✹✳✸✳ ρmin(y1y2 + y1z1 + T2(H)) = 3✱ ♣♦✐$ ρ(y1y2) = 4 ❡ ρ(y1z1) = 3✳
❆❣♦/❛✱ ❞❡♠♦♥-7/❛/❡♠♦- 2✉❡ ♠♦♥1♠✐♦- ❝♦♠ ♣❡-♦ -✉✜❝✐❡♥7❡♠❡♥7❡ ❣/❛♥❞❡ -8♦ ✐❞❡♥7✐✲
❞❛❞❡- ❞❡ Hn✳
*+♦♣♦,✐./♦ ✹✳✹✳ ❙❡❥❛ u = ym1i1 . . . y
mk
ik
zj1 . . . zjl ∈ K〈Y, Z〉✱ i1 < · · · < ik✱ j1 < · · · < jl✱
0 < m1, . . . ,mk < p✱ k + l > 0✱ k, l ≥ 0✳ ❖ ♠♦♥-♠✐♦ u . ✉♠❛ ✐❞❡♥1✐❞❛❞❡ Z2✲❣4❛❞✉❛❞❛ ❞❡
Hn $❡✱ ❡ $♦♠❡♥1❡ $❡✱ ρ(u) > n✳
❉❡♠♦♥$14❛67♦✳ ❉❡ ❢❛7♦✱ -❡ ρ(u) ≤ n✱ ❢❛;❛ ❛ -❡❣✉✐♥7❡ -✉❜-7✐7✉✐;8♦✿
yi1 7→ e1e2 + · · ·+ e2m1−1e2m1










▲♦❣♦ u 7→ m1! · · ·mk!e1 · · · e2(m1+···+mk)+l✳ ❈♦♠♦
ρ(u) = 2(m1 + · · ·+mk) + l ≤ n✱
7❡♠♦- 2✉❡ u ♥8♦ @ ✐❞❡♥7✐❞❛❞❡ ❞❡ Hn✳
A♦/ ♦✉7/♦ ❧❛❞♦✱ -✉♣♦♥❤❛ 2✉❡ ρ(u) > n✳ ❚♦❞❛ -✉❜-7✐7✉✐;8♦ ❞♦- yi ❡ zj ❞❡ u✱ ♣♦/
❡❧❡♠❡♥7♦- ♣❛/❡- ❡ E♠♣❛/❡- ❞❡ Hn✱ /❡-♣❡❝7✐✈❛♠❡♥7❡✱ -❡/G ❝♦♠❜✐♥❛;8♦ ❧✐♥❡❛/ ❞❡ ❡❧❡♠❡♥7♦-
❞❛ ❜❛-❡ ❞❡ Hn ❞❡ ❝♦♠♣/✐♠❡♥7♦ ♠❛✐♦/ 2✉❡ n✳ ❈♦♠♦ Hn @ ❣❡/❛❞❛ ❝♦♠♦ G❧❣❡❜/❛ ♣♦/
e1, . . . , en ❡ e
2
i = 0 ♣❛/❛ i = 1, . . . , n✱ 7♦❞♦ ♠♦♥1♠✐♦ ❞❡ ❝♦♠♣/✐♠❡♥7♦ ♠❛✐♦/ 2✉❡ n @ ✐❣✉❛❧
❛ 0✳ ▲♦❣♦✱ m @ ✉♠❛ ✐❞❡♥7✐❞❛❞❡ -❡ ρ(u) > n✳
❆❣♦/❛✱ ❞❡♠♦♥-7/❛/❡♠♦- ♦ -❡❣✉✐♥7❡
✹✼
❚❡♦#❡♠❛ ✹✳✺✳ K〈Y, Z〉/T2(Hn)  ✉♠ K✲♠$❞✉❧♦ ❧✐✈*❡ ❝♦♠ ✉♠❛ K✲❜❛/❡ ❢♦*♠❛❞❛ ♣❡❧♦/
♠♦♥3♠✐♦/✱
ym1i1 . . . y
mk
ik
zj1 . . . zjl + T2(Hn), ✭✹✳✷✮
♦♥❞❡ 2(m1 + · · · + mk) + l ≤ n✱ k + l > 0✱ k, l ≥ 0 i1 < · · · < ik✱ j1 < · · · < jl✱
0 < m1, . . . ,mk < p✳
❉❡♠♦♥/7*❛89♦✳ &'✐♠❡✐'♦✱ K ♣♦..✉✐ ✉♠ .✉❜❝♦'♣♦ ❞❡ p ❡❧❡♠❡♥5♦.✳ &♦'5❛♥5♦✱ ❝♦♠♦ ♦ ❣'❛✉
❞❡ ❝❛❞❛ ✈❛'✐9✈❡❧ ❞♦. ♠♦♥:♠✐♦. ❞♦ 5✐♣♦ ✭✹✳✷✮ ; ♠❡♥♦' <✉❡ p✱ ♣❡❧❛ ♣'♦♣♦.✐=>♦ ✷✳✶✽ ❞♦
❝❛♣A5✉❧♦ ✷✱ .❡ ✉♠❛ ❝♦♠❜✐♥❛=>♦ ❧✐♥❡❛' ❞❡..❡. ❡❧❡♠❡♥5♦. ❡.59 ❡♠ T2(H)✱ ❡♥5>♦ ❝❛❞❛ ❡❧❡♠❡♥5♦
❞❛ ❢♦'♠❛ ✭✹✳✷✮ ♣❡'5❡♥❝❡ ❛ T2(H)✳ ▼❛. ✐..♦ ♥>♦ ♣♦❞❡ ❛❝♦♥5❡❝❡'✱ ♣❡❧❛ ♣'♦♣♦.✐=>♦ ❛♥5❡'✐♦'✳
❆❧;♠ ❞✐..♦✱ ; ❢9❝✐❧ ✈❡' <✉❡ ❡..❡. ❡❧❡♠❡♥5♦. ❣❡'❛♠ K〈Y, Z〉/T2(Hn)✳ ▲♦❣♦✱ ♦. ❡❧❡♠❡♥5♦.
❞♦ 5✐♣♦ ✭✹✳✷✮ ❢♦'♠❛♠ ✉♠❛ K✲❜❛.❡ ❞❡ K〈Y, Z〉/T2(Hn)✳
❚❡♦#❡♠❛ ✹✳✻✳ ❆/ ✐❞❡♥7✐❞❛❞❡/ Z2✲❣*❛❞✉❛❞❛/ ❞❡ Hn  ♦ T2✲✐❞❡❛❧ ❞❡ K〈Y, Z〉 ❣❡*❛❞♦ ♣♦*
✭✹✳✶✮ ❡ ♣❡❧♦/ ♠♦♥3♠✐♦/ u ❝♦♠ ρ(u) > n✳
❉❡♠♦♥/7*❛89♦✳ ❉❡ ❢❛5♦✱ .❡ f ∈ T2(Hn) ❡ f 6∈ T2(H)✱ f ; ✉♠❛ ❝♦♠❜✐♥❛=>♦ ❧✐♥❡❛' ❞❡
♠♦♥:♠✐♦. ✭✹✳✷✮ ❝♦♠ ♣❡.♦ ♠❛✐♦' <✉❡ n✳
❆❣♦'❛✱ .❡❥❛ Dn ❛ .✉❜9❧❣❡❜'❛ ❞❡ K〈Y, Z〉/T2(Hn) ❣❡'❛❞❛ ♣♦' xi + T2(Hn)✱ ♦♥❞❡ xi =
yi + zi✳ ❈♦♠♦ T2(H) ⊂ T2(Hn)✱ 5❡♠♦. <✉❡ Dn 5❛♠❜;♠ .❛5✐.❢❛③ ❛. ✐❞❡♥5✐❞❛❞❡. [x1, x2, x2]
❡ xp1✳
❙❡❥❛ vn ♦ ♣♦❧✐♥:♠✐♦ ❞❡✜♥✐❞♦ ♣♦'
vn = (· · · ((x1 ◦ x2) ◦ x3) ◦ · · · ◦ xn−1) ◦ xn,
♦♥❞❡ x1 ◦ x2 = x1x2 + x2x1✳
*#♦♣♦,✐./♦ ✹✳✼✳ ρmin(vn+1 + T2(H)) > 2n ♣❛*❛ 7♦❞♦ n = 1, 2, . . . .
❉❡♠♦♥/7*❛89♦✳ ❱❛♠♦. ❞❡♠♦♥.5'❛' ♣♦' ✐♥❞✉=>♦ ❡♠ n✳ &'✐♠❡✐'♦✱ ♣❛'❛ n = 1 5❡♠♦.✱ ♠N✲
✹✽
❞✉❧♦ T2(H)
v2 = x1x2 + x2x1
= (y1 + z1)(y2 + z2) + (y2 + z2)(y1 + z1)
= 2(y1y2 + y1z2 + y2z1) + z1z2 + z2z1
= 2(y1y2 + y1z2 + y2z1).





n ✱ ♦♥❞❡ v
(0)
n 6 ❛ ♣❛+7❡ ♣❛+ ❞❡ vn ❡ v
(1)
n 6 ❛ ♣❛+7❡ 8♠♣❛+ ❞❡ vn✳ ❆--✐♠ 7❡♠♦-
1✉❡✱ ♠;❞✉❧♦ T2(H)✱
vn+1 = vn ◦ xn+1
= vnxn+1 + xn+1vn
= vn(yn+1 + zn+1) + (yn+1 + zn+1)vn
= 2(vnyn+1) + vnzn+1 + zn+1vn









= 2(vnyn+1) + 2(v
(0)
n zn+1).
▼❛- ρmin(vnyn+1 + T2(H)) > (2n− 2) + 2 = 2n✳ ❚❛♠❜6♠✱
ρmin(v
(0)
n + T2(H)) > 2n− 2
❡ ρmin(v
(0)
n +T2(H)) 6 ♣❛+✱ ❞❡-❞❡ 1✉❡ ♠♦♥?♠✐♦- ♣❛+❡- 7@♠ ♣❡-♦ ♣❛+✳ A♦+7❛♥7♦✱ ρmin(v
(0)
n +
T2(H)) ≥ 2n✳ ❆--✐♠✱ ρmin(v
(0)
n zn+1 + T2(H)) > 2n✳
❆--✐♠✱ 7❡♠♦- ♦- -❡❣✉✐♥7❡- ❝♦+♦❧B+✐♦-✳
❈♦"♦❧$"✐♦ ✹✳✽✳ D2n  ❛"✐ ❢❛③ ❛ ✐❞❡♥"✐❞❛❞❡ vn+1✳
❈♦"♦❧$"✐♦ ✹✳✾✳ D2n−1  ❛"✐ ❢❛③ ❛ ✐❞❡♥"✐❞❛❞❡ vnxn+1 ❡ xn+1vn✳
❉❡♠♦♥ "-❛./♦✳ ❉❡ ❢❛7♦✱ ρmin(vn + T2(H)) > 2n− 2✳ ▲♦❣♦
ρmin(vnxn+1 + T2(H)) = ρmin(xn+1vn + T2(H)) > (2n− 2) + 1 = 2n− 1.
✹✾
 !♦♣♦$✐&'♦ ✹✳✶✵✳ ❙❡ s = n/(2p− 1) " ✉♠ ♥&♠❡'♦ ✐♥*❡✐'♦✱ ❡♥*,♦ D2n−1 -❛*✐-❢❛③ ❛ ✐❞❡♥✲
*✐❞❛❞❡
[x1, x2] · · · [x2s−1, x2s]x
p−1




s = n/(2p− 1)⇒ 2(s(2p− 1)) = 2n
❡
ρ([x1, x2] · · · [x2s−1, x2s]x
p−1
1 · · · x
p−1






2 + T2(H) = 2z1z2(y
p−1




2 + (p− 1)y
p−2
2 z2) + T2(H)
= 2yp−11 y
p−1
2 z1z2 + T2(H),
❧♦❣♦
[x1, x2] · · · [x2s−1, x2s]x
p−1
1 · · · x
p−1
2s + T2(H) = 2
syp−11 · · · y
p−1
2s z1 · · · z2s + T2(H)
✹✳✷ ■❞❡♥'✐❞❛❞❡* ❞❡ H2n
❙❡❥❛ Vn+1 ♦ T ✲✐❞❡❛❧ ❣❡0❛❞♦ ♣♦0 V = T (H) ❡ ♣❡❧♦ ♣♦❧✐♥3♠✐♦ vn+1 ❡♠ K〈X〉✳ ❱❛♠♦7
❝♦♠❡9❛0 ❞❡♠♦♥7&0❛♥❞♦ ❛❧❣✉♥7 ❧❡♠❛7✳
▲❡♠❛ ✹✳✶✶✳ [x1 · · · xn, f ] =
n∑
i=1
[xi, f ]x1x2 · · · x̂i · · · xn ♠6❞✉❧♦ T (H)✱ ♦♥❞❡ x̂i -✐❣♥✐✜❝❛ ;✉❡
xi ♥,♦ ❛♣❛'❡❝❡ ♥♦ ♣'♦❞✉*♦✳
❉❡♠♦♥-*'❛4,♦✳ ❱❛♠♦7 ❞❡♠♦♥7&0❛0 ✉7❛♥❞♦ ✐♥❞✉9;♦ 7♦❜0❡ n✳ =0✐♠❡✐0♦✱ ✈❛♠♦7 ❢❛③❡0 ♣❛0❛
n = 2✳
[x1x2, f ] + T (H) = [x1, f ]x2 + x1[x2, f ] + T (H)
= [x1, f ]x2 + [x2, f ]x1 + T (H).
✺✵
❆#✉✐ ✉&❛♠♦& ♦ ❢❛+♦ ❞❡ #✉❡ ♦ ❝♦♠✉+❛❞♦/ 0 ❝❡♥+/❛❧ ♠3❞✉❧♦ T (H)✳
❆❣♦/❛ &✉♣♦♥❤❛ #✉❡
[x1 · · · xn−1, f ] =
n−1∑
i=1
[xi, f ]x1x2 · · · x̂i · · · xn−1.
❊♥+9♦
[x1 · · · xn, f ] = [xn, f ]x1 · · · xn−1 + [x1 · · · xn−1, f ]xn
= [xn, f ]x1 · · · xn−1 + (
n−1∑
i=1
[xi, f ]x1x2 · · · x̂i · · · xn−1)xn
= [xn, f ]x1 · · · xn−1 +
n−1∑
i=1




[xi, f ]x1x2 · · · x̂i · · · xn.
❈♦♠♦ [xi, f ]x1x2 · · · x̂i · · · xn +❡♠ n ❢❛+♦/❡&✱ [x1 · · · xn, f ] 0 ✉♠ &♦♠❛+3/✐♦ ❞❡ ♣♦❧✐♥<♠✐♦&
❞❡ n ❢❛+♦/❡&✳
❈♦"♦❧$"✐♦ ✹✳✶✷✳ (x1 · · · xn) ◦ xn+1 = 2x1 · · · xn+1 −
n∑
i=1
[xi, xn+1]x1x2 · · · x̂i · · · xn ♠!❞✉❧♦
T (H)✳
❉❡♠♦♥*+,❛./♦✳ ❉❡ ❢❛+♦✱ (x1 · · · xn) ◦ xn+1 = 2x1 · · · xn+1 − [x1 · · · xn, xn+1]✳
*"♦♣♦,✐-.♦ ✹✳✶✸✳ ▼!❞✉❧♦ T (H)✱ +❡♠♦* 2✉❡
x1 ◦ . . . ◦ xn+1 = 2






ηk [xi1 , xi2 ] · · · [xi2k−1 , xi2k ]xi2k+1 · · · xn+1,
♦♥❞❡ ξi1···in+1 = ±1✱ η✱ ηk ∈ N✳
❉❡♠♦♥*+,❛./♦✳ ❆ ❞❡♠♦♥&+/❛>9♦ &❡/? ♣♦/ ✐♥❞✉>9♦ &♦❜/❡ n✳ A❛/❛ n = 2✱
x1 ◦ x2 = 2x1x2 − [x1, x2].
✺✶
❙✉♣♦♥❤❛♠♦* +✉❡
x1 ◦ . . . ◦ xn = 2






ηk [xi1 , xi2 ] · · · [xi2k−1 , xi2k ]xi2k+1 · · · xn.
❊♥./♦✱
vn+1 = (x1 ◦ . . . ◦ xn)xn+1 + xn+1(x1 ◦ . . . ◦ xn)






ηk [xi1 , xi2 ] · · · [xi2k−1 , xi2k ]xi2k+1 · · · xn)xn+1
+xn+1(2






ηk [xi1 , xi2 ] · · · [xi2k−1 , xi2k ]xi2k+1 · · · xn)







ηk [xi1 , xi2 ] · · · [xi2k−1 , xi2k ]((xi2k+1 · · · xn) ◦ xn+1)


















ηk [xi1 , xi2 ] · · · [xi2k−1 , xi2k ]
n∑
j=2k+1
[xj, xn+1]x2k+1x2 · · · x̂j · · · xn)







k [xi1 , xi2 ] · · · [xi2k′−1 , xi2k ]xi2k′+1 · · · xin+1 .
❈♦"♦❧$"✐♦ ✹✳✶✹✳ ❚♦❞♦ ♣$♦❞✉&♦ ❞❡ ❡❧❡♠❡♥&♦+ ❞❡ K〈X〉 ♣♦❞❡ +❡$ $❡❡+❝$✐&♦✱ ♠/❞✉❧♦ Vn+1✱





· · · xmkik [xj1 , xj2 ] · · · [xj2l−1 , xj2l ]|i1 < . . . < ik, j1 < . . . < j2l,
0 < m1, . . . ,mk < p, k + l > 0,m1 + . . .+mk + l ≤ n}
✺✷
❈♦"♦❧$"✐♦ ✹✳✶✺✳ ❖ ❝♦♥❥✉♥&♦ {b+ Vn+1 | b ∈ Bn+1} ❣❡)❛ K〈X〉/Vn+1✳
❉❡♠♦♥.&)❛/0♦✳ ❈♦♠♦ ❥& ✈✐♠♦)✱ ♠+❞✉❧♦ V ✱ ♦ ❝♦♥❥✉♥1♦ ❞❡ ♣♦❧✐♥4♠✐♦)
xm1i1 · · · x
mk
ik
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ] ✭✹✳✸✮
♦♥❞❡ i1 < . . . < ik✱ j1 < . . . < j2l✱ 0 < m1, . . . ,mk < p, k + l > 0✱ ❣❡;❛ K〈X〉/V ✳
❈♦♠♦ V ⊂ Vn+1✱ 1❡♠♦) =✉❡ ✭✹✳✸✮ ❣❡;❛ K〈X〉/Vn+1✳ >❡❧♦ ❝♦;♦❧&;✐♦ ✹✳✶✹✱ ♦) ❡❧❡♠❡♥1♦) ❞❡
✹✳✸ ♣♦❞❡♠ )❡; ;❡❡)❝;✐1♦) ❝♦♠♦ ❝♦♠❜✐♥❛AB♦ ❧✐♥❡❛; ❞❡ ♣;♦❞✉1♦) ❝♦♠ ♥♦ ♠&①✐♠♦ n ❢❛1♦;❡)✳
▲♦❣♦✱ {b+ Vn+1 | b ∈ Bn+1} ❣❡;❛ K〈X〉/Vn+1✳
❙❡❥❛
φ : K〈X〉 −→ D2n
xi 7→ xi + T2(H2n)
✐)1♦ G✱ φ(f(x1, . . . , xn)) = f(x1, . . . , xn) + T2(H2n)✳ >❡❧♦ ❝♦;♦❧&;✐♦ ✹✳✽✱ ♦ T ✲✐❞❡❛❧ Vn+1 ❡)1&
❝♦♥1✐❞♦ ♥♦ ♥J❝❧❡♦ ❞❡ Φ✳ ▲♦❣♦✱
Φ : K〈X〉/Vn+1 −→ D2n
f(x1, . . . , xn) + Vn+1 7→ f(x1, . . . , xn) + T2(H2n)
❡)1& ❜❡♠ ❞❡✜♥✐❞♦✳
*"♦♣♦,✐-.♦ ✹✳✶✻✳ ❖. ❡❧❡♠❡♥&♦. ❞❡ D2n ❞❛ ❢♦)♠❛
b+ T2(H2n), ✭✹✳✹✮
♦♥❞❡ xi = yi + zi✱ .0♦ ❧✐♥❡❛)♠❡♥&❡ ✐♥❞❡♣❡♥❞❡♥&❡. ❡♠ D2n✳
❉❡♠♦♥.&)❛/0♦✳ ❆ ♣;♦✈❛ G ❛♥&❧♦❣❛ M ♣;♦♣♦)✐AB♦ ✸✳✺✱ ♣♦✐)
xm1i1 · · · x
mk
ik
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ] + T2(H2n) = 2
lym1i1 · · · y
mk
ik
zj1 · · · zj2l + · · ·+ T2(H2n)
❡ ρ(ym1i1 · · · y
mk
ik
zj1 · · · zj2l) = 2(m1 + . . .+mk + l) ≤ 2n✱ ✐)1♦ G✱
ym1i1 · · · y
mk
ik
zj1 · · · zj2l + T2(H2n) 6= T2(H2n)
✳
✺✸
▲♦❣♦✱ &❡♠♦) ♦ )❡❣✉✐♥&❡ ❝♦.♦❧0.✐♦✳
❈♦"♦❧$"✐♦ ✹✳✶✼✳ ❖ ❤♦♠♦♠♦$✜&♠♦
Φ : K〈X〉/Vn+1 → D2n
f(x1, . . . , xn) + Vn+1 7→ f(x1, . . . , xn) + T2(H2n)
' ✉♠ ✐&♦♠♦$✜&♠♦✳
▲♦❣♦ K〈X〉/Vn+1 ≃ D2n ≃ K〈X〉/T (H2n)✳ 2♦.&❛♥&♦✱ &❡♠♦) ♦ )❡❣✉✐♥&❡ &❡♦.❡♠❛✳
❚❡♦"❡♠❛ ✹✳✶✽✳ ❖ T ✲✐❞❡❛❧ ❞❛ ✐❞❡♥1✐❞❛❞❡& ❞❡ H2n ' ♦ T ✲✐❞❡❛❧ ❣❡$❛❞♦ ♣❡❧♦& ♣♦❧✐♥4♠✐♦&
[x1, x2, x3]✱ x
p
1 ❡ vn+1✳
✹✳✸ ■❞❡♥'✐❞❛❞❡* ❞❡ H2n−1
❉❡✜♥✐23♦ ✹✳✶✾✳ Wn+1 ' ♦ T ✲✐❞❡❛❧ ❞❡ K〈X〉 ❣❡$❛❞♦ ♣♦$ T (H) ❡ ♣❡❧♦& ♣♦❧✐♥4♠✐♦&
xn+1vn, vnxn+1
❡ &❡ s = n/(2p− 1) ' ✉♠ ♥6♠❡$♦ ✐♥1❡✐$♦ ✐♥❝❧✉8♠♦& ♦ ♣♦❧✐♥4♠✐♦
[x1, x2] · · · [x2s−1, x2s]x
p−1
1 · · · x
p−1
2s .
❈♦♥)✐❞❡.❡ ♦ )❡❣✉✐♥&❡ ❤♦♠♦♠♦.✜)♠♦
φ : K〈X〉 → D2n−1
xi 7→ xi + T2(H2n−1),
✐)&♦ 8✱ φ(f(x1, . . . , xn)) = f(x1, . . . , xn) + T2(H2n−1)✳
2❡❧♦ ❝♦.♦❧0.✐♦ ✹✳✾ ❡ ♣.♦♣♦)✐<=♦ ✹✳✶✵✱ &❡♠♦) @✉❡
Φ : K〈X〉/Wn+1 → D2n−1
f(x1, . . . , xn) +Wn+1 7→ f(x1, . . . , xn) + T2(H2n−1)
❡)&0 ❜❡♠ ❞❡✜♥✐❞♦✱ ♣♦✐) Wn+1 ⊂ Ker(φ)✳
✺✹
❱❛♠♦& ♠♦&'(❛( ❛❣♦(❛ *✉❡ Φ - ✉♠ ✐&♦♠♦(✜&♠♦✳ 1❛(❛ ✐&&♦✱ ✈❛♠♦& ❞❡♠♦♥&'(❛( ❛❧❣✉♥&
❢❛'♦&✳
1(✐♠❡✐(♦✱ ✈❛♠♦& ❡♥❝♦♥'(❛( ✉♠ ❝♦♥❥✉♥'♦ ❣❡(❛❞♦( ♣❛(❛ K〈X〉/Wn+1✳ ❈♦♠♦ xn+1vn ❡
vnxn+1 ♣❡('❡♥❝❡♠ ❛ Wn+1✱ '❡♠♦& *✉❡
vn+1 = xn+1vn + vnxn+1 ∈ Wn+1.
✐&'♦ -✱ Vn+1 ⊂ Wn+1✳ ▲♦❣♦ '❡♠♦& ♦ &❡❣✉✐♥'❡ ❧❡♠❛✳
▲❡♠❛ ✹✳✷✵✳ ❖ ❝♦♥❥✉♥&♦ {b+Wn+1|b ∈ Bn+1} ❣❡)❛ K〈X〉/Wn+1✳
❉❡♠♦♥.&)❛/0♦✳ ❖ ❝♦♥❥✉♥'♦ {b+ Vn+1 | b ∈ Bn+1} ❣❡(❛ K〈X〉/Vn+1✳ ❈♦♠♦ Vn+1 ⊂ Wn+1✱
'❡♠♦& *✉❡ {b+Wn+1 | b ∈ Bn+1} ❣❡(❛ K〈X〉/Wn+1✳




· · · xǫkik [xj1 , xj2 ] · · · [xj2l−1 , xj2l ]x
δ1
j1
· · · xδ2lj2l |i1 < . . . < ik, j1 < . . . < j2l,
0 < ǫ1, . . . , ǫk < p, 0 ≤ δ1, . . . , δ2l < p, ir 6= js(1 ≤ r ≤ k, 1 ≤ s ≤ 2l, )k + l > 0,
ǫ1 + . . .+ ǫk + δ1 + . . .+ δ2l + l ≤ n}.
❊&❝(❡✈❡(❡♠♦& Bn+1 ❞❡&&❛ ♠❛♥❡✐(❛✱ ♣♦✐& ♠@❞✉❧♦ Wn+1✱ '♦❞❛ ✈❛(✐A✈❡❧ *✉❡ ♣❡('❡♥❝❡ ❛ ♣❛('❡
❝♦♠✉'❛❞♦( ❝♦♠✉'❛ ❝♦♠ *✉❛❧*✉❡( ♦✉'(❛ ✈❛(✐A✈❡❧✳ 1♦( ❡①❡♠♣❧♦✱ ♠@❞✉❧♦ Wn+1✱
x1x2[x1, x3] = (x2x1 + [x1, x2])[x1, x3]
= x2x1[x1, x3] + [x1, x2][x1, x3]
= x2x1[x1, x3]
= x2[x1, x3]x1,
✐&'♦ -✱ ♣♦❞❡♠♦& ❝♦❧♦❝❛(✱ ♠@❞✉❧♦ Wn+1✱ ❛& ✈❛(✐A✈❡✐& *✉❡ ♣❡('❡♥❝❡♠ C ♣❛('❡ ❝♦♠✉'❛❞♦( ♣♦(
D❧'✐♠♦✳
❈♦♠♦ ❥A ❢♦✐ ❞✐'♦✱ '♦❞♦ ❡❧❡♠❡♥'♦ ❞❡ Bn+1 '❡♠ ♥♦ ♠A①✐♠♦ n ❢❛'♦(❡&✳ ❈♦♥&✐❞❡(❡ ❡♥'E♦
❛ &❡❣✉✐♥'❡ ❞❡✜♥✐FE♦✱ *✉❡ ♣♦❞❡ &❡( ❡♥❝♦♥'(❛❞❛ ❡♠ ❬✸✹❪✳
❉❡✜♥✐,-♦ ✹✳✷✶✳ ❙❡❥❛ B′n+1 ♦ .✉❜❝♦♥❥✉♥&♦ ❞❡ Bn+1 ❢♦)♠❛❞♦ ♣❡❧♦. ❡❧❡♠❡♥&♦.✿
✐✮ b ∈ Bn+1 ❝♦♠ ♥:♠❡)♦ ❞❡ ❢❛&♦)❡. ♠❡♥♦) ;✉❡ n✱ ✐.&♦ =✱
b = xǫ1i1 · · · x
ǫk
ik
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ]x
δ1
j1
· · · xδ2lj2l
✺✺
♦♥❞❡ i1 < . . . < ik✱ j1 < . . . < j2l✱ 0 < m1, . . . ,mk < p, k+l > 0 ❡ m1+. . .+mk+l <
n✳
✐✐✮ ❙❡ b = xǫ1i1 · · · x
ǫk
ik
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ]x
δ1
j1
· · · xδ2lj2l ∈ Bn+1 )❡♠ n ❢❛)♦-❡.✱ ❡♥)/♦ xi1 0
❛ ✈❛-✐2✈❡❧ ❞❡ ♠❡♥♦- 4♥❞✐❝❡ 6✉❡ )❡♠ ❣-❛✉ ♠❡♥♦- 6✉❡ p✱ ✐.)♦ 0✱ )♦❞❛ ✈❛-✐2✈❡❧ xjt ❝♦♠
jt < i1 )❡♠ ❣-❛✉ p✳
❖ "❡❣✉✐♥(❡ ❧❡♠❛ ♣♦❞❡ "❡/ ❡♥❝♦♥(/❛❞♦ ❡♠ ❬✸✺❪✳
▲❡♠❛ ✹✳✷✷✳ ❙❡❥❛ b ∈ Bn+1 ✉♠ ❡❧❡♠❡♥(♦ ❝♦♠ n ❢❛(♦,❡-✳ ❊♥(0♦ b ♣♦❞❡ -❡, ,❡❡-❝,✐(♦✱
♠5❞✉❧♦ Wn+1✱ ❝♦♠♦ ❝♦♠❜✐♥❛70♦ ❧✐♥❡❛, ❞❡ ❡❧❡♠❡♥(♦- ❞❡ B
′
n+1✳
 ❡❧♦$ ❞♦✐$ '❧(✐♠♦$ ❧❡♠❛$ (❡♠♦$
 !♦♣♦$✐&'♦ ✹✳✷✸✳ ❖ ❝♦♥❥✉♥(♦ {b+Wn+1 | b ∈ B
′
n+1} ❣❡,❛ K〈X〉/Wn+1✳
❙❡❥❛ b = xǫ1i1 · · · x
ǫk
ik
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ]x
δ1
j1
· · · xδ2lj2l ∈ B
′
n+1✱ ♦♥❞❡ b (❡♠ n ❢❛(♦0❡$✱ ✐$(♦
1✱ (ǫ1 + . . . ǫk + δ1 + . . .+ δ2l + l) = n✳ ❆$$✐♠✱ ❡♠ D2n−1✱










zik)zj1 · · · zj2ly
δ1
j1
· · · yδ2lj2l + T2(H2n−1).
◆♦(❡ 5✉❡ ♦ ♠♦♥7♠✐♦ ❞❡ ♠❛✐♦0 ♣❡$♦ 5✉❡ ❛♣❛0❡❝❡ ❡♠ b+ T2(H2n−1) 1
yǫ1i1 · · · y
ǫk
ik
yδ1j1 · · · y
δ2l
j2l
zj1 · · · z2l + T2(H2n−1).
❈♦♠♦ ρ(yǫ1i1 · · · y
ǫk
ik
yδ1j1 · · · y
δ2l
j2l
zj1 · · · z2l) = 2(ǫ1 + . . . + ǫk + δ1 + . . . + δ2l + l) = 2n✱ (❡♠♦$
5✉❡
yǫ1i1 · · · y
ǫk
ik
yδ1j1 · · · y
δ2l
j2l
zj1 · · · z2l + T2(H2n−1) = 0.







· · · yǫkik y
δ1
j1







· · · yǫkik y
δ1
j1







· · · yǫkik y
δ1
j1










· · · yǫk−1ik y
δ1
j1
· · · yδ2lj2l zikzj1 · · · z2l.
✺✻
◆❡$$❛ ❧✐$(❛✱ ❡$❝♦❧❤❡♠♦$ ♦ ♠♦♥/♠✐♦ ❧0❞❡2 ❝♦♠♦ $❡♥❞♦ yǫ1−1i1 y
ǫ2
i2
yǫ3i3 · · · y
ǫk
ik
yδ1j1 · · · y
δ2l
j2l
zi1zj1 · · · z2l✳






yǫ3i3 · · · y
ǫk
ik
yδ1j1 · · · y
δ2l
j2l
zi1zj1 · · · z2l ✭✹✳✺✮
❝♦♠♦ ♠♦♥/♠✐♦ ❧0❞❡2✳
;2✐♠❡✐2♦✱ ✉♠ ♣♦❧✐♥/♠✐♦ ❝♦♠ ♠❡♥♦$ ❞❡ n ❢❛(♦2❡$ ♥=♦ ♣♦❞❡ (❡2 ✉♠ ♠♦♥/♠✐♦ ❝♦♠ ♣❡$♦
✐❣✉❛❧ ❛ 2n− 1✳ ❉❡ ❢❛(♦✱ $❡ ✉♠ ♣♦❧✐♥/♠✐♦ b+T2(H2n−1)✱ ♦♥❞❡ b ∈ B
′
n+1✱ (❡♠ n− 1 ❢❛(♦2❡$✱
❡♥(=♦ ♦ ♠♦♥/♠✐♦ ❞❡ ♠❛✐♦2 ♣❡$♦ 5✉❡ ❛♣❛2❡❝❡ ❡♠ b+ T2(H2n−1) (❡♠ ♣❡$♦ ✐❣✉❛❧ ❛ 2n− 2✳
❆❣♦2❛ ♥♦(❡ 5✉❡ $❡ ✭✹✳✺✮ A ♦ ♠♦♥/♠✐♦ ❧0❞❡2 ❞❡ ✉♠ ♦✉(2♦ ♣♦❧✐♥/♠✐♦ b′ + T2(H2n−1)✱
♦♥❞❡ b′ (❡♠ n ❢❛(♦2❡$✱ ❡♥(=♦ ♥♦ ❝♦♥❥✉♥(♦ {xi1 , xj1 , . . . , xj2l}✱ 2l ✈❛2✐D✈❡✐$ ♣❡2(❡♥❝❡♠ E
♣❛2(❡ ❝♦♠✉(❛❞♦2 ❡ ✉♠❛ ✈❛2✐D✈❡❧ ♥=♦ ♣❡2(❡♥❝❡ E ♣❛2(❡ ❝♦♠✉(❛❞♦2 ❞❡ b′✳ ❉❡ ❢❛(♦✱ ♦ ♥F✲
♠❡2♦ ❞❡ z′s ❡♠ ✭✹✳✺✮ A 2l + 1 ✱ ♥♦ 5✉❛❧ ♣♦❞❡♠♦$ ❢♦2♠❛2 ♥♦ ♠D①✐♠♦ l ❝♦♠✉(❛❞♦2❡$
✉$❛♥❞♦ ❛ 2❡❧❛I=♦ [xi, xj] = 2zizj✳ ❙✉♣♦♥❤❛ 5✉❡ ❢♦2♠❛♠♦$ l − 1 ❝♦♠✉(❛❞♦2❡$✱ ❞✐❣❛♠♦$




yǫ3i3 · · · y
ǫk
ik
yδ1j1 · · · y
δ2l
j2l
zi1zj1zj2 [xj3 , xj4 ] · · · [xj2l−1 , xj2l ].
❆❣♦2❛✱ ❝♦♠ ♦ 0♥❞✐❝❡ i1 $♦❜2♦✉ y
ǫ1−1
i1
zi1 ✳ ▲♦❣♦ x
ǫ1
i1
(❡♠ 5✉❡ ❛♣❛2❡❝❡2 ❡♠ b′ + T2(H2n−1)✳
❆♥❛❧♦❣❛♠❡♥(❡✱ yδ1j1 zj1 ❡ y
δ2
j2
zj2 ✐♠♣❧✐❝❛ 5✉❡ x
δ1+1
j1
❡ xδ1+1j2 (❡♠ 5✉❡ ❛♣❛2❡❝❡2 ❡♠ b
′+T2(H2n−1)✱




, . . . , xǫkik , x
δ1+1
j1
, xδ1+1j2 , x
δ3
j3
, · · · , xδ2lj2l , [xj3 , xj4 ], · · · , [xj2l−1 , xj2l ].
▼❛$ ✐$$♦ ✐♠♣❧✐❝❛ 5✉❡ b′ (❡♠ ǫ1+ . . .+ ǫk+(δ1+1)+(δ2+1)+δ3+ . . .+δ2l+(l−1) = n+1
❢❛(♦2❡$✳
▲♦❣♦✱ ✭✹✳✺✮ ❛♣❛2❡❝❡ ❡♠ b′ + T2(H2n−1) $❡ ♥♦ ❝♦♥❥✉♥(♦ {xi1 , xj1 , . . . , xj2l}✱ 2l ✈❛2✐D✈❡✐$
♣❡2(❡♥❝❡♠ E ♣❛2(❡ ❝♦♠✉(❛❞♦2 ❡ ✉♠❛ ✈❛2✐D✈❡❧ ♥=♦ ♣❡2(❡♥❝❡ E ♣❛2(❡ ❝♦♠✉(❛❞♦2 ❞❡ b′✱ ♣♦✐$
b′ (❡♠ n ❢❛(♦2❡$✳
❙❡❥❛ xt ∈ {xi1 , xj1 , . . . , xj2l} ❛ ✈❛2✐D✈❡❧ 5✉❡ ♥=♦ ❛♣❛2❡❝❡ ♥❛ ♣❛2(❡ ❝♦♠✉(❛❞♦2 ❞❡ b
′ +
T2(H2n−1)✳ ❙❡ t = i1✱ ❡♥(=♦ b
′ = b✳ ❈❛$♦ ❝♦♥(2D2✐♦✱ (❡♠♦$ ❞♦✐$ ❝❛$♦$✿
✐✮ t < i1✳ ◆❡$$❡ ❝❛$♦ xt (❡♠ ❣2❛✉ p✳ ❈♦♠♦ xt ❛♣❛2❡❝❡ ♥❛ ♣❛2(❡ ♥=♦ ❝♦♠✉(❛❞♦2 ❞❡
b′ + T2(H2n−1) ❡ x
p
t + T2(H2n−1) = 0✱ (❡♠♦$ 5✉❡ b
′ + T2(H2n−1) = 0✳
✺✼
✐✐✮ i1 < t✳ ◆❡''❡ ❝❛'♦✱ xi1 ❛♣❛-❡❝❡ ♥❛ ♣❛-/❡ ❝♦♠✉/❛❞♦- ❞❡ b
′
❡ xt ♥❛ ♣❛-/❡ ♥3♦✲❝♦♠✉/❛❞♦-
❞❡ b′✳ ▲♦❣♦ xi1 /❡-✐❛ 7✉❡ /❡- ❣-❛✉ p✱ ♦ 7✉❡ ♥3♦ ♦❝♦--❡✳
❈♦♠ ♦ 7✉❡ ❢♦✐ ❞✐/♦ ❛❝✐♠❛✱ /❡♠♦' ♦ '❡❣✉✐♥/❡ /❡♦-❡♠❛✳
❚❡♦#❡♠❛ ✹✳✷✹✳ ❖ ❝♦♥❥✉♥&♦ {b+ T2(H2n−1)|b ∈ B
′
n+1} ❢♦(♠❛ ✉♠❛ K✲❜❛-❡ ♣❛(❛ ❛ 0❧❣❡❜(❛
D2n−1✳





αibi + T2(H2n−1) = 0
♦♥❞❡ bi ∈ B
′
n+1 ♣♦''✉❡♠ n ❢❛/♦-❡'✳ ❈♦♠♦ ❝❛❞❛ bi /❡♠ ✉♠ ♠♦♥>♠✐♦ ❧?❞❡- ❞❡ ♣❡'♦ 2n− 1
✉♥✐❝❛♠❡♥/❡ ❞❡/❡-♠✐♥❛❞♦ ♣♦- bi✱ /❡♠♦' 7✉❡ /♦❞♦' ♦' α
′
is '3♦ ✐❣✉❛✐' ❛ ③❡-♦✳
▲♦❣♦✱ /❡♠♦' ♦ '❡❣✉✐♥/❡ ❝♦-♦❧A-✐♦
❈♦#♦❧+#✐♦ ✹✳✷✺✳ ❖ ❤♦♠♦♠♦(✜-♠♦
Φ : K〈X〉/Wn+1 −→ D2n−1
f(x1, . . . , xn) +Wn+1 7→ f(x1, . . . , xn) + T2(H2n−1)
9 ✉♠ ✐-♦♠♦(✜-♠♦✳
▲♦❣♦ /❡♠♦' K〈X〉/Wn+1 ≃ D2n−1 ≃ K〈X〉/Wn+1✳ B♦-/❛♥/♦✱ /❡♠♦'
❚❡♦#❡♠❛ ✹✳✷✻✳ ❖ T ✲✐❞❡❛❧ ❞❛- ✐❞❡♥&✐❞❛❞❡- ❞❡ H2n−1 9 ✐❣✉❛❧ ❛ Wn+1✳
✺✽
❈❛♣#$✉❧♦ ✺
➪❧❣❡❜-❛ ❞❡ ●-❛00♠❛♥♥ ✉♥✐$4-✐❛ ❞❡
❞✐♠❡♥05♦ ✐♥✜♥✐$❛
◆❡$$❡ ❝❛♣()✉❧♦✱ ❡$)✉❞❛/❡♠♦$ ❛ 1❧❣❡❜/❛ ❞❡ ●/❛$$♠❛♥♥ ✉♥✐)1/✐❛ E ❞❡ ❞✐♠❡♥$7♦ ✐♥✜♥✐)❛
$♦❜/❡ ✉♠ ❝♦/♣♦ K ✜♥✐)♦✳ ❙❡ |K| = q✱ $❛❜❡♠♦$ ;✉❡ q = pn✱ ♦♥❞❡ p < ❛ ❝❛/❛❝)❡/($)✐❝❛ ❞❡
K ❡ n < ✉♠ ✐♥)❡✐/♦ ♣♦$✐)✐✈♦✳ ❈♦♥$✐❞❡/❛/❡♠♦$ p > 2✳ ?♦/ ❬✸❪✱ $❛❜❡♠♦$ ;✉❡ ♦ T ✲✐❞❡❛❧ ❞❡




1 < ♦ T ✲✐❞❡❛❧ ❞❛$ ✐❞❡♥)✐❞❛❞❡$ ❞❡ E✳ ❉❛/❡♠♦$ ✉♠❛
♥♦✈❛ /❡♣/❡$❡♥)❛E7♦ ♣❛/❛ 1❧❣❡❜/❛ K〈X〉/T (H)✱ ❝♦♠♦ ♣/♦❞✉)♦ )❡♥$♦/✐❛❧ ❞❡ ✉♠❛ 1❧❣❡❜/❛
❝♦♠✉)❛)✐✈❛ A ❡ ✉♠❛ 1❧❣❡❜/❛ B✳ ■$$♦ ♥♦$ ♣❡/♠✐)❡ ❞❛/ ✉♠❛ ❞❡♠♦♥$)/❛E7♦ $✐♠♣❧❡$ ❞♦
/❡$✉❧)❛❞♦ ❞❡ ❬✸❪✳
❙❡❥❛♠ U = 〈xqp − xp, [x1, x2, x3]〉
T
❡♠ K1〈X〉✱ A = K1[ti|i ∈ Λ]/I✱ ♦♥❞❡ I < ♦ ✐❞❡❛❧
❣❡/❛❞♦ ♣♦/ tqi − ti✱ ❡ B = K1〈Y 〉/V ✱ ♦♥❞❡ V = 〈y
p, [y1, y2, y3]〉
T
❡♠ K〈Y 〉✳
❚❡♦#❡♠❛ ✺✳✶✳ K1〈X〉/U ≃ A
⊗
K B✳
❆♥)❡$ ❞❡ ❞❡♠♦♥$)/❛/♠♦$ ♦ )❡♦/❡♠❛ ✭✺✳✶✮✱ ♠❡♥❝✐♦♥❛/❡♠♦$ ❛❧❣✉♥$ /❡$✉❧)❛❞♦$ ❥1 ❝♦♥❤❡✲
❝✐❞♦$✳
❙❡❥❛♠
B = {xm1i1 · · · x
mk
ik
[xj1 , xj2 ] · · · [xj2l−1 , xj2l ]|i1 < . . . < ik, j1 < . . . < j2l,
0 < mi < p, k ≥ 0, l ≥ 0, k











· b| b ∈ B, 0 < m′i′ < q, k
′ ≥ 0}✳
❙❡❥❛ H ❛ '❧❣❡❜+❛ ❞❡ ●+❛..♠❛♥♥ ❞❡ ❞✐♠❡♥.2♦ ✐♥✜♥✐5❛✱ ♥2♦ ✉♥✐5'+✐❛✱ .♦❜+❡ K✳ 8❡❧♦
❝❛♣;5✉❧♦ ✷✱ .❛❜❡♠♦. =✉❡ ♦ T ✲✐❞❡❛❧ ❞❛. ✐❞❡♥5✐❞❛❞❡. ❞❡ H ? V ✱ ❡ =✉❡ ✉♠❛ ❜❛.❡ ❞❡ K〈Y 〉/V
❝♦♠♦ K✲❡.♣❛@♦ ✈❡5♦+✐❛❧ ? B(mod V )✳
❖✉5+♦ +❡.✉❧5❛❞♦ ❝♦♥❤❡❝✐❞♦ ? =✉❡ [xp1, x2] ∈ U ✱ ✐.5♦ ?✱ x
p
1 + U ? ❝❡♥5+❛❧ ❡♠ K1〈X〉/U ✳
▲♦❣♦✱ ✈❡♠♦. =✉❡ B′(mod U) ❣❡+❛ K1〈X〉/U ✳
 !♦♣♦$✐&'♦ ✺✳✷✳ I = 〈tq1 − t1〉
T
❡♠ K1[ti|i ∈ Λ]✳
❉❡♠♦♥&'(❛*+♦✳ 8+✐♠❡✐+♦✱ ❛ ✐♥❝✉.2♦ I ⊆ 〈tq1 − t1〉
T









♦♥❞❡ fi0 , fi1 , fi2 ∈ K1[ti|i ∈ Λ]✳ ❉❡.❞❡ =✉❡ ♣❛+❛ ❞♦✐. ♠♦♥G♠✐♦. =✉❛✐.=✉❡+ u ❡ v✱ (u+v)
q =







♦♥❞❡ ui1 .2♦ ♠♦♥G♠✐♦.✳ ▲♦❣♦✱ ♣❛+❛ ♠♦.5+❛+ ❛ ♦✉5+❛ ✐♥❝❧✉.2♦✱ +❡.5❛ ♠♦.5+❛+ =✉❡ ♣❛+❛ 5♦❞♦
♠♦♥G♠✐♦ u✱ uq − u ∈ I✳ ❋❛+❡♠♦. ✐..♦ ♣♦+ ✐♥❞✉@2♦ ♥♦ ❝♦♠♣+✐♠❡♥5♦ |u| ❞❡ u✳ ❙❡ |u| = 1✱
❡♥52♦ u = ti✱ ♣❛+❛ ❛❧❣✉♠ i✳ ▲♦❣♦✱ u
q−u ∈ I✳ ❙✉♣♦♥❤❛ ❛❣♦+❛ =✉❡ |u| = k ❡ =✉❡ uq−u ∈ I✳
❊♥52♦✱
(uq − u)(tqi + ti) = u
qtqi − uti + u
qti− ut
q
i ∈ I (u
q + u)(tqi − ti) = u




❙♦♠❛♥❞♦ ♦ .❡❣✉♥❞♦ ♠❡♠❜+♦ ❞❛. ❞✉❛. ❡=✉❛@I❡.✱ 5❡♠♦.
2(uqtqi − uti) ∈ I✱
❡ ❞❡.❞❡ =✉❡ ❛ ❝❛+❛❝5❡+;.5✐❝❛ ❞❡ K ? ❞✐❢❡+❡♥5❡ ❞❡ 2✱
(uti)
q − uti ∈ I✱
♦ =✉❡ ❝♦♠♣❧❡5❛ ❛ ❞❡♠♦♥.5+❛@2♦✳
✻✵
❆❣♦%❛✱ A ❡ B ♣❡%*❡♥❝❡♠ ❛ ✈❛%✐❡❞❛❞❡ ❞❡*❡%♠✐♥❛❞❛ ♣♦%
xqp − xp, [x1, x2, x3]✱
❡ ❞❡1❞❡ 2✉❡ A 4 ❝♦♠✉*❛*✐✈❛✱ A
⊗
K B *❛♠❜4♠ 1❛*✐1❢❛③
xqp − xp, [x1, x2, x3]✳
9❛%❛ ✈❡% ✐11♦✱ 1❡❥❛ f1, f2, f3 ∈ A ❡ g1, g2, g3 ∈ B✳ ❊♥*<♦✱
[f1 ⊗ g1, f2 ⊗ g2, f3 ⊗ g3] = f1f2f3 ⊗ [g1, g2, g3] = 0
❡
(f1 ⊗ g1)
qp − (f1 ⊗ g1)




















❉❡♠♦$%&❛()♦ ❞♦ ❚❡♦&❡♠❛ ✺✳✶✿
❈♦♥1✐❞❡%❡ ♦ 1❡❣✉✐♥*❡ ❤♦♠♦♠♦%✜1♠♦
Φ : K1〈X〉/U −→ A
⊗
B
Φ(xi + U) = (t
r
i + I)⊗ (1 + V )− (1 + I)⊗ (yi + V )✱
♦♥❞❡ r = pn−1✳ ❈♦♠♦ K1〈X〉/U 4 ❛ @❧❣❡❜%❛ %❡❧❛*✐✈❛♠❡♥*❡ ❧✐✈%❡ ❞❛ ✈❛%✐❡❞❛❞❡ ❞❡*❡%♠✐♥❛❞❛
♣♦%
xqp − xp, [x1, x2, x3]✱
❜❛1*❛ ❞❡✜♥✐% Φ ♥♦1 ❣❡%❛❞♦%❡1 ❧✐✈%❡1 xi + U ✳ ▼♦1*%❛%❡♠♦1 2✉❡ Φ 4 ✐1♦♠♦%✜1♠♦✳
9%✐♠❡✐%♦ ♠♦1*%❛%❡♠♦1 2✉❡ Φ 4 1♦❜%❡❥❡*♦%❛✳ 9%♦❝❡❞❡%❡♠♦1 ❞❛ 1❡❣✉✐♥*❡ ♠❛♥❡✐%❛✿ ♣%✐✲
♠❡✐%♦ ♣%♦✈❛%❡♠♦1 2✉❡ ♦1 ❡❧❡♠❡♥*♦1 (tmi + I)⊗ (1 + V )✱ ❝♦♠ m < q ♣❡%*❡♥❝❡♠ ❛ ✐♠❛❣❡♠
✻✶
❞❛ Φ✳ ■&&♦ ✐♠♣❧✐❝❛-. /✉❡ A
⊗
{1 + V } ♣❡-2❡♥❝❡ ❛ ✐♠❛❣❡♠ ❞❡ Φ✳ ❆ &❡❣✉✐-✱ ♠♦&2-❛-❡♠♦&
/✉❡ ♦& ❡❧❡♠❡♥2♦& (1 + I)⊗ (yi + V ) ❡ (1 + I)
⊗
([yi, yj] + V ) ♣❡-2❡♥❝❡♠ ❛ ✐♠❛❣❡♠ ❞❡ Φ✱
♦ /✉❡ ✐♠♣❧✐❝❛-. /✉❡ {1 + I} ⊗ B ♣❡-2❡♥❝❡ ❛ ✐♠❛❣❡♠ ❞❡ φ✳












(1 + I)⊗ (yi + V )
)p
= (trpi + I)⊗ (1 + V )− (1 + I)⊗ (y
p
i + V )
= (tqi + I)⊗ (1 + V )
= (ti + I)⊗ (1 + V ).
❆&&✐♠ ♣❛-❛ 0 < m < q✱
Φ(xpmi + U) = (t
m
i + I)⊗ (1 + V ).
❆❧7♠ ❞✐&&♦✱
Φ(xqi − xi + U) = Φ(x
q
i + U)− Φ(xi + U)
= Φ(xpri + U)− Φ(xi + U)
= Φ(xpi + U)
r − Φ(xi + U)
= (tri + I)⊗ (1 + V )− (t
r
i + I)⊗ (1 + V ) + (1 + I)⊗ (yi + V )
= (1 + I)⊗ (yi + V )
❡
Φ([xi, xj] + U) = Φ(xi + U)Φ(xj + U)− Φ(xj + U)Φ(xi + U)
=
(
(tri + I)⊗ (1 + V )− (1 + I)⊗ (yi + V )
)(
(trj + I)⊗ (1 + V )













j + I)⊗ (1 + V ) + (1 + I)⊗ (yiyj + V )− (t
r
j + I)⊗ (yi + V )−




j + I)⊗ (1 + V )− (1 + I)⊗ (yjyi + V ) +
+(trj + I)⊗ (yi + V ) + (t
r
i + I)⊗ (yj + V )
= (1 + I)⊗ (yiyj + V )− (1 + I)⊗ (yjyi + V )
= (1 + I)⊗ ([yi, yj] + V ).
▲♦❣♦✱ &♦♠❛♥❞♦ ♣,♦❞✉&♦. ❞♦. ❡❧❡♠❡♥&♦. xpi + U, x
q
i − xi + U ❡ [xi, xj] + U ✱ ✈❡♠♦. 2✉❡ Φ 3
.♦❜,❡❥❡&♦,❛✳
❆❧3♠ ❞✐..♦✱ ♣❛,❛ m < p✱











i + I)⊗ (y
k






∈ K✳ ❈♦♠♦ m < p✱ &❡♠♦. 2✉❡ αk 6= 0✳ ❆..✐♠✱ ♣♦, ❡①❡♠♣❧♦✱ ♣❛,❛














i + I)⊗ (y
k













i + I)⊗ (y
k
i [yj1 , yj2 ] + V ).




i +I ♣❡,&❡♥❝❡ ❛ ❜❛.❡ ❞❡ A ❡ y
k
i [yj1 , yj2 ]+V
♣❡,&❡♥❝❡ ❛ ❜❛.❡ ❞❡ B✳









xm1i1 · · · x
mk
ik

















· · · t
r(mk−ξik )
ik
+ I ⊗ y
ξi1
i1
· · · y
ξik
ik
[yj1 , yj2 ] · · · [yj2l−1 , yj2l ] + V )
♦♥❞❡ 0 6= α ∈ K✳
✻✸
"♦$%❛♥%♦✱ ✈❡♠♦, -✉❡ ❝❛❞❛ ♣❛$❝❡❧❛ ❞♦ ,♦♠❛%3$✐♦ ♥♦ ,❡❣✉♥❞♦ ♠❡♠❜$♦ ❞❛ ❡-✉❛78♦ 9
✉♥✐❝❛♠❡♥%❡ ❞❡%❡$♠✐♥❛❞❛ ♣❡❧♦, ♠♦♥:♠✐♦, ❡♠ B′(mod U)✳ ▲♦❣♦✱ ❛, ✐♠❛❣❡♥, ❞♦, ♠♦♥:♠✐♦,
❡♠ B′(mod U) ♣❡❧❛ Φ ,8♦ ❧✐♥❡❛$♠❡♥%❡ ✐♥❞❡♣❡♥❞❡♥%❡,✳ ❆,,✐♠✱ Φ 9 ✐♥❥❡%♦$❛✳ 
❖ ,❡❣✉✐♥%❡ ❧❡♠❛ ♣♦❞❡ ,❡$ ❡♥❝♦♥%$❛❞♦ ❡♠ ❬✷✽❪✳
▲❡♠❛ ✷✳ xqp1 − x
p
1 ∈ T (E)✳
"❡❧♦ ❧❡♠❛ ❛♥%❡$✐♦$✱ %❡♠♦, -✉❡ U ⊆ T (E)✳ ❈♦♠ ✐,,♦ %❡♠♦,





T (E) = U ✳
❉❡♠♦♥6:$❛;<♦✳ "❡❧♦ -✉❡ ❢♦✐ ❞✐%♦ ❛❝✐♠❛✱ $❡,%❛ ♠♦,%$❛ ❛ ✐♥❝❧✉,8♦ T (E) ⊆ U ✳ ❙❡❥❛ A(n)






♣$♦❞✉%♦ ❞✐$❡%♦ ✜♥✐%♦✳ ❉❡ ❢❛%♦✱ ,❡❥❛♠ Tn = {t1, . . . , tn} ❡ K〈Tn〉 ❛ G❧❣❡❜$❛ ❧✐✈$❡ ❞❡ ♣♦,%♦
n✳ ❊♥%8♦ ♦ ❝♦♥❥✉♥%♦ ❞❡ %♦❞♦, ♦, ❤♦♠♦♠♦$✜,♠♦, ❞❡ K〈Tn〉 ❡♠ K 9 ✜♥✐%♦✳ ❊♥%8♦ ,❡❥❛✱




Φ(f) = (φ1(f), . . . , φs(f))
♦♥❞❡ s 9 ♦ ♥L♠❡$♦ ❞❡ ❤♦♠♦♠♦$✜,♠♦, ❞❡ K〈Tn〉 ❡♠ K✳ ▲♦❣♦✱ f ∈ Ker(Φ) ,❡✱ ❡ ,♦♠❡♥%❡
,❡✱ f ∈ Ker(φj)✱ j = 1, . . . , s✳ "♦$%❛♥%♦✱ Ker(Φ) = I✳ ❆,,✐♠ A















❈♦♠♦ B ,❛%✐,❢❛③ ♣♦❧✐♥:♠✐♦, ❡♠ T (E)✱ %❡♠♦, -✉❡ A(n)
⊗
B %❛♠❜9♠ ,❛%✐,❢❛③ ♣♦❧✐♥:✲
♠✐♦, ❡♠ T (E)✳ ▼❛, ❝♦♠♦ n 9 ❛$❜✐%$G$✐♦✱ A
⊗
B ♣❡$%❡♥❝❡ ❛ ✈❛$✐❡❞❛❞❡ ❞❡%❡$♠✐♥❛❞❛ ♣♦$
T (E)✱ ✐,%♦ 9✱ T (E) ⊆ U ✳
✻✹
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